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PREFACE. 

Descriptive geometry is essentially a mathematical 
subject. The application of its principles to the making 
of working drawings, however, and the modifications 
which are made to suit the contingencies of practice, have 
had a tendency to obscure this fact, and like other theo- 
retical subjects it has suffered mutilation in the interest of 
short cuts to immediate practical uses. But does not 
technical education, after all, consist chiefly in an equip- 
ment of sound theory? It has been the author's purpose 
to refrain from any attempt to hold the student's interest 
by clothing a few principles with some immediate pratical 
application, but instead, to present a sound theoretical 
treatment. How well he has succeeded he leaves others to 
judge. 

The principles are herein formulated under theorems, 
as in plane and solid geometry; illustrative problems are 
solved in accordance with these theorems and special 
constructions discussed. The plan of, at least, one well 
know text is followed of dividing all problems into two 
parts ; the first of which is a statement of the geometrical 
principles and the theoretical solution called an analysis ; 
the second is a description of the graphic solution, accom- 
panied by a drawing. An important feature is added, 
however, of giving the statement of the geometrical con- 
ditions and the solution in the analysis in a general form, 
instead of being made to refer to a certain kind of 
problem exclusively. 
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As an illustration of the generalized treatment 
throughout, attention may be called to the discussion of 
the cone. A common conception of a cone is that of a 
right circular cone, or cone of revolution. A generalized 
definition is given, however, to include all the surfaces 
which may be generated by a right line moving so as to 
pass through a fixed point and touch a curve. Further, it 
is stated that every cone is generically a right cone, and 
may be specifically named from the shape of a cross 
section so taken that a perpendicular, let fall from the 
fixed point or apex to the plane of the section, will pierce 
the latter in the center, focus, or other characteristic 
point, as a cusp, point of inflection, etc., etc. 

While the third angle is undoubtedly to be preferred 
for working drawings, it is not thought that descriptive 
geometry, as mathematics, has any concern with a partic- 
ular angle. The illustrative problems used deal indiffer- 
ently with all so that the emphasis can be laid upon sound 
theory. 

Exercises for students are grouped in the back of the 
book and suitably designated as belonging to a certain 
part of the text. An appendix deals with the subject of 
approximate methods, which has no proper place in the 
body of the book. 

The author wishes to acknowledge his indebtedness to 
the well known texts, notably those of Church and of 
McCord, and also in particular to Arthur G. Hall, pro- 
fessor of mathematics at the University of Michigan, for 
valuable service in examining the mathematical treatment 
of the text. 
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CHAPTER I. 



THE POINT. 

1. Descriptive geometry is the science of representing 
forms, plane and solid, by projecting them upon two or 
more planes at right angles to each other with the aid of 
projecting lines perpendicular respectively to these planes, 
and it also consists of the solution of problems relating to 
the properties and magnitudes of the forms. 

2. The planes upon which objects are projected are 

known as the coordinate planes of projection. They con- 
sist, in general, of vertical planes, and a horizontal plane. 
The vertical planes may be at right angles to each other 
and are then distinguished as the front vertical and the 
end vertical planes respectively. 

Working drawings for guidance in construction are 
made according to the general principles of descriptive 
geometry. The projection upon the horizontal plane cor- 
responds to the plan view or simply plan; the projection 
upon the front vertical plane corresponds to the front 
view, front elevation, or simply elevation; the projection 
upon the end vertical plane corresponds to the end view or 
end elevation, as these terms are variously used. 
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3- Lines and planes in descriptive geometry, are not 
assumed to be limited. A line, which may be designated 
by letters at two of its points, is nevertheless possessed of 
the property of direction which does not stop short of 
infinity. A plane, likewise, extends to infinity. 

Hence parallel lines are said to have two points in 
common at infinity, and parallel planes to meet each other 
in a common line at infinity. 

4. The parallel projecting lines spoken of in section 1 
have a common point at infinity, hence it is said that the 
'center of projection' is at infinity. This point is also called 
the 'point of sight '* because, were it possible for the eye 
to be in its position, the forms projected from it as a 
center would have their projections identical with them- 
selves, point for point, line for line. 

5. Perspective is a branch of descriptive geometry in 
which the 'center of projection' is at a finite distance from 
the plane of projection. It gives the kind of pictures, for 
example, that would be seen if what was beyond a window 
were traced upon it by a person standing on the opposite 
side. The eye is the 'center of projection/ the window 
the * plane of projection.' 



6. Descriptive geometry and perspective together are 
parts of that broader subject projective geometry, in 
which the properties of figures are studied by projecting 
them upon any plane or planes from any center of projec- 
tion and where there is found to be a correlation of the 

•The 'center of projection' and 'point of sight' are both equally good designing 
terms used by different authorities. 
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properties of the different projections of a figure upon the 
different planes and from the different centers of projec- 
tion. 

7. The two fundamental planes of projection together 
with two end planes are shown in pictorial form or perspec- 
tive in Figure 1. The front vertical and the horizontal 
planes [V and H planes] form together four dihedral 
angles. That which lies in front of V and above H is the 
1st; that which lies back of V and above H is the 2nd, and 
so on, continuing in the same direction. 

The line of intersection of these two planes is known 
generally as the ground line or abbreviated the G.L. 

Objects are projected upon the front vertical plane by 
means of projecting lines such as shown at v which means 
that the center of projection for the object is at infinity in 
a direction in front of the vertical plane, i. e., opposite to 
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* 

that of the pointed end of the arrow. This center may be 
thought of as either above or below the H plane as the 
object is above or below it. It is in fact, at infinity in the 
horizontal plane, and in a direction perpendicular to the 
G. L. 

Objects are projected upon the horizontal plane by 
means of vertical projecting lines such as at h y whence the 
center of projection is considered as infinitely distant 
above H in the V plane. 

Objects are projected upon the end planes by means 
of horizontal projecting lines in the directions of the 
double headed arrow e, for the right hand plane [with 
forms in the first angle] , from a center of projection which 
is at the left and for the left hand plane from a center of 
projection which is at the right, infinitely distant in the H 
plane. 

8. The V, H and end planes are unfolded for the graph- 
ical representation of forms until they form one and the 
same plane, see Figure 2. Either V is revolved* about 
the G.L. as an axis until it coincides with H, or H is 
revolved about the G.L. until it coincides with V; the 
result in either case is the same. The curved arrows in 
Figure 1, connected with the H plane, show the direction 
of the revolution. 

The end plane, which is at the right of any object,! is 
revolved about the ground line with the vertical plane or 



* An object la said to 'rotate' upon Its own axis and to 'revolve' about any 
other axis not Its own. 

t In the theoretical treatment of the subject. 
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Figure 2. 

GbL b until it lies in V, that part which is in front of V 
going toward the right, that part which is back of V going 
toward the left. Similarly, the end plane, which is at the 
left of any object, is revolved into coincidence with V, the 
portion which is in front of V going towards the left. 



9. Let A be any point in space in front of V and above 
H, i.e., in the first dihedral angle. Conceive a plane to 
be passed through it perpendicular to both H and V. It 
would correspond to an end vertical plane. This plane 
would cut V in a vertical line and H in a horizontal line, 
both perpendicular to the 6.L. at the same point. When 
V and H are unfolded, these lines would become one and 
the same straight line perpendicular to the G.L. 

The point A is projected on V by a projecting line 
perpendicular to V and lying in this end plane. It is a 
line parallel to H. A is projected on H by a projecting 
line perpendicular to H, also lying in this end plane. It is 
a line parallel to V. The piercing points of these projecting 
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lines with the coordinate planes constitute the respective 
projections of A on those planes. From whence: The 
two projections of a point are on a common perpendicular to 
the G.L. 



Q. 



«*>> 



y 



L. 



When the V and H planes are 
unfolded, see Figure 3, a is the 
projection on H of the point A 
and oa is the projection on H of 
the projecting line of A on V. oa 
is equal to the distance of the 
point A from V. Also a f is the 
projection on V of the point A 
and oa f is the projection on V of 
the projecting line of A on H, and 
oa' is the distance of the point A 
from H. This is true for a point 

in either dihedral angle or when lying in either or both 

coordinate planes. 
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FIGURE 8. 



10. Descriptive geometry does not deal with forms 
themselves but with the projections of the forms.* Fig. 4 
illustrates the projections of a point when variously placed 
with respect to the coordinate planes. A is in the 1st 
angle; B is in the 2nd; C is in the 3rd; D is in the 4th; 
E is in V above H; F is in V below H; G is in H in front 
of V; I is in H back of V; J is in the G. L. whence both 
projections coincide with the point itself. When the pro- 



* Hence the words 'the projection of are unnecessary and when hereafter a 
form Is spoken of, it means the projection of the form. 



THE POINT 



I 



«> 



a. 



a* 



ci 




Figure 4. 



jections and the forms happen to coincide, it avoids 
confusion to consider the projections only. 

The positions shown in Figure 4 are known as the 
alphabet of the point, being the total of the various 
positions a point can have relative to the coordinate planes. 
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The two projections of a point fully 
tion of the point in space. 



the posi- 



Proofi — If at the V projection of the point, a perpen- 
dicular is erected to the V plane, by hypothesis it will 
pass through the point in space. If at the H projection 
of the point, a perpendicular is erected to the H plane, 
it will also pass through the point in space. Hence the 
point itself must lie at the intersection of these two 
perpendiculars. But the perpendiculars are the two 
projecting lines of the point on the coordinate planes. 
Hence the point is fully determined. 
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If the point is in the H plane, the length of the per- 
pendicular to the H plane is zero, and the point is its own 
projection. Likewise, if the point is in the V plane, it is 
its own V projection. If the point is in the G.L., both 
perpendiculars are zero and it is its own V and H pro- 
jection. 

12. Axes of reference may, for convenience in solving 
problems, be taken to coincide with the lines oa and oa' 
of Figure 3, the line oa', as a portion of a y axis and oa 
as a portion of an x axis. Hence, the position of the 
point A can be specified numerically by coordinates. For 
example, referring to Figure 3, A = 1, J, meaning that it 
is 1 inch above H and J inch in front of V, or its V projec- 
tion is 1 inch above the G.L. and its H projection is f of 
an inch in front of the G.L. 

The G.L. may also be taken as a z axis, being perpen- 
dicular to the plane of the x and y axes at their intersec- 
tion or origin, so that the exact location of points on a 
drawing can be specified by three coordinates, #, y and #, 
given in the order named ; the z can be a distance from 
any convenient reference point, preferably one to the left 
as the border line of a sheet of drawings, the y as + or — 
according as the point is above or below H and x as + or 
— according as the point is in front of or behind V. 

For example, in Figure 4, C can be specified as C = 
1, — liV, — 1, where 1 means the z measured from the 
dotted line connecting a' and a; A can be specified as A 
= 0, f, |. The other points specified similarly, are: B 
= h 1, - h D = 11 -h 1; E = li 1, 0; F = 2, -*, 0; 
G = 2i, 0, i ; I = 2J , 0, - *; J = 3i, 0, 0. 
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When the z coordinate for any point is given as zero, 
let it be understood that the xy plane for the point may be 
taken anywhere, and the other points following are then 
measured from this plane as origin. 

If either the y or the x coordinate of any point is miss- 
ing and in its place is a question mark or a dash, it 
indicates that the coordinate omitted is to be found 
through other data in the problem. 

Exercises. 

1 

Locate the following points, designating the pro- 
jections by small letters, as a' for the V projection and a 
for the H projection, and state how each is related to the 
coordinate plane of projection: A = 0, 1, —4; B = 4* — 
h -1; C = 1, 1,4; D = 14, -1, i; E = 2, 1, 0; F = 24, 0, 
— 1;G = 3, 0, 1;I = 34, 0, 0. 

2 

Locate the following points: A = 0, f, 4; B = £, 

- i • - 4; C = 4, i, - 4 ; D = 4, - i, ft ; F = f , 0, f ; G = 

i f i, 0; I = li, 0, 0. Project the same upon an end ver- 
tical plane at the right whose GeL b cuts the G.L. at the 
point O = 2±, 0, 0. 

Construction. Figure 5 shows the result. Since the end 
plane is perpendicular to V and H, the point A is projected 
upon it by means of a projecting line parallel to V and H. 
This projecting line will pierce the end plane in a point 
which is as far from V and H as the point A is distant from 
those planes, i. e., as far from the ground line in each case 
between the V, the H, and the end planes. When the end 

4 

plane is folded into coincidence with the V plane, the 
projection of A upon it is a point at a distance oa from the 
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Figure 5. 



G B L b and a distance oa' above the G.L. The G.L. is 
coincident with the revolved position of the ground line 
between the end plane and the H plane. That which is 
at the left of G B L B is that portion of the end plane which 
lies beyond the V plane. So when considering the pro- 
jections upon the end plane alone, G B . L E is the V plane in 
end projection and the G.L. is the H plane seen in end 
projection so formed by looking at the end plane toward 
the right in the direction of the G.L. of the two coordinate 
planes. 

Likewise the end projection of the point B is found at 
a distance ob' below the G.L. and a distance ob to the left 
of the Gb Lb , being in the 3rd, dihedral angle, and so on 
for the other points. 

3. 
Draw the projections of the following points: A, 
r ' below H and f ' in front of V; B, in the 3rd dihedral 
angle 1£' ' from both V and H; C, H' ' behind V and £' ' 
below H; D, in H, 1£' ' behind V; E, in V, If ' below H. 
Project these also upon an end plane whose G B . L B . may 
be chosen at pleasure. 
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THE LINE AND PLANE. 

13- A plane is projected upon the coordinate planes only 
by the projection of points or lines lying in it or by draw- 
ing its lines of intersection with the coordinate planes, 
designated generally as traces, and specifically the V and 
H traces. 

Since a plane can intersect a line in only one point, 
the H and V traces of a plane will intersect upon the G.L. 

If a plane is oblique to H and V and also to the G.L., 
its H and V traces are inclined to the Q-.L., meeting it in 
a finite point. 

If a plane is parallel to the G.L. but oblique to H 
and V, its traces are parallel to the G.L. and intersect the 
latter at infinity. 

If a plane is parallel to V its H trace is parallel to 
the G.L. and its V trace is at infinity. Similarly, if a plane 
is parallel to H, its V trace is parallel to the G.L. and its 
H trace is at infinity. 

If a plane passes though the G.L. then both of its 
traces coincide with the G.L., and, referred only to its 
traces, the plane is indeterminate. 

Figure 6 shows the several positions. 1 and la are 
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Figure 6. 



the traces of a plane oblique to H and V and to the 6.L. 
2 is a plane parallel to the G.L. 3 is a plane parallel to V. 
4 is a plane parallel to H. 5 is a plane passing through 
the G.L. 

14. The alphabet of the plane is an expression used to 
designate the possible positions of a plane with respect to 
the coordinate planes. There are thirteen such positions. 

(1). A plane oblique to the G.L. as in 1 or la of 
Figure 6. 

(2) . A plane parallel to the G.L. and cutting through 
the 1st, 2nd and 3rd dihedral angles. 

(3) . A plane parallel to the G.L. and cutting through 
the 1st, 4th and 3rd dihedral angles. 

(4) . A plane parallel to the G.L. and cutting through 
the 2nd, 1st and 4th dihedral angles. 

(5) . A plane parallel to the G.L. and cutting through 
the 2nd, 3rd and 4th dihedral angles. 

(6) . A plane perpendicular to H and oblique to V. 

(7) . A plane perpendicular to V and oblique to H. 
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(8) . A plane perpendicular to both H and V. 

(9) . A plane passing through the Gr.L. 

(10) . A plane parallel to V and passing through the 
1st and 4th dihedral angles. 

(11) . A plane parallel to V and passing through the 
2nd and 3rd dihedral angles. 

(12). A plane parallel to H and passing through the 
1st and 2nd dihedral angles. 

(13). A plane parallel to H and passing through the 
3rd and 4th dihedral angles. 

15. The following notation will be followed throughout 

the text and in the exercises at the end of the book. 

A point in space is designated by a capital letter, as 
A, its projections by a small letter; if the V projection a' 
and the H projection simply a; if the end projection a e . 

A line is specified in general by two points on the line. 

A plane is designated by lettering its traces with a 
capital letter followed by V, H or E according as it is the 
vertical trace, horizontal trace, or a trace with an end 
plane; the last letters of the alphabet will, in general, be 
used for this purpose. The letter does not specify any 
point on the trace. 

The line of intersection of the V and H planes is called 
the Gr.L. The line of intersection of V or H and an end 
plane is called the 6 b .Lb. 

16. The following line conventions are reoommended: 

The two projections of a point are connected by a dotted 
line, the dots to be about iV inch long, with aV inch 
spaces between the dots. 

The G.L. and given lines, light, solid. 
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The Bequired lines, heavy, solid. 

The projecting lines, construction and hidden edges 
of solids, dotted lines. 

Auxiliary lines, dash with dashes about i inch long 
and iV inch spaces between dashes. 

Traces of given planes, dash and dot; i inch dashes 
with tV inch dots and W inch spaces. 

Traces of required planes, the same, heavy. 

Axes of revolution and axes of solids, dash and two 
dots. 

It will be found helpful in the earlier part of the work 
to show all parts of forms in the 1st angle as solid lines 
and those in the other angles dotted. 

17. THEOREM IL 

If through any line in space a plane is passed perpendic- 
ular to a coordinate plane, it will intersect that coordinate 
plane in a line which is the projection of the given line 
upon the coordinate plane. 

Proof: — For this projecting plane, by definition of pro- 
jection, contains the projecting perpendiculars of all 
points of the line upon the coordinate plane, the locus of 
their intersections with the coordinate plane constitutes 
the trace of the plane upon that coordinate plane. 

18. Corollary 1. A line is, in general, fully determined 
when its projections are given, because if, through one of 
the projections of the line, a plane is passed perpendicular 
to that coordinate plane, it will contain the line, and if 
through the corresponding* projection a plane is passed 

♦Note the use of the word 'corresponding' occurring throughout the book; 
Jt facilitates the generalized treatment, makes processes applicable to either 
coordinate plane. 
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perpendicular to the corresponding coordinate plane, it 
will also contain the line. Hence the line itself must be 
identical with that line which is common to both planes, 
namely their intersection. 

19. Corollary 2. If the projections of two points upon 
one of the coordinate planes are connected by a line, it is 
that projection of the line joining the two points in space. 
Similarly, if the corresponding projections of the points 
are connected by a line, it is the corresponding projection 
of the line connecting the two points in space. 

A line connecting the projections of two points on a 
coordinate plane is indeterminate if it lies in an end plane 
for the two projecting planes of the line coincide. 

20. To designate a point on any line, assume either pro- 
jection of the point upon the same projection of the line, 
the other or corresponding projection is found upon the 
corresponding projection of the line, at the intersection 
with it, of a perpendicular to the GKL. through the 
assumed projection of the point. 



21. The projecting planes of a line are useful in the 
solution of problems. Since the coordinate planes are 
perpendicular to each other and the projecting plane of a 
line is perpendicular to one of them, it follows that its 
corresponding trace is a line perpendicular to the GKL. 

Figure 7 shows the projections of a line AB. SH and 
SVare the traces of its H projecting plane; TH and TV 
are the traces of its V projecting plane. That part of SV 
which is above the G.L. is the intersection of S with V 
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Figure 7. 

above H and that part which is below the G.L. is the 
intersection of S with V below H. Similarly, that part of 
the H trace which is in front of the G.L. is the intersection 
of S with H in front of V* and that part of the H trace 
which is back of the G.L., is the intersection of S with H 
back of V. 

The traces of a plane are not limited by the G.L. 

22. THEOREM UL 

The projections of the point of intersection of two lines 
are the points of intersection respectively of the projections 
of the two lines. 

Proof:— The point of intersection of two lines, being 
common to both, can have but one projection on V and 
one projection on H. And since the point lies on both 
lines it must lie on the projection of both lines; the only 
point which satisfies these conditions is the point of 
intersection of the projection of the lines. 



* It is well to speak of the H projection of a point as in front of the G.L., not 
'below,' also back of and not ' above.' 
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23. The form of proof to theorems, in descriptive 
geometry, differs in some respects from that used in math- 
ematical subjects heretofore studied by the student, and a 
failure to readily grasp the significance or meaning of the 
various steps is a common source of difficulty. As in 
other mathematics, each step in descriptive geometry is 
capable of demonstration and proof, and should be so 
treated in all study. The proofs of steps should be followed 
mentally until the processes involved are performed uncon- 
sciously. A faithful adherance to this direction will re- 
move much of the difficulties in the study of the subject. 




Figure 8. 



24. The change of a coordinate plane is many times 
useful. Consider a change of the V coordinate plane. 

Let A, B and C be three points shown in projection 
in Fig. 8. Project the same upon a new V plane or V lf cut- 
ting H in the line G x .L x . The V Y plane is revolved about 
the GK .L*! . into coincidence with H, that which is above H 
going downward toward the left. The two projections of a 
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point are on a common perpendicular to the G.L., hence 
A is projected on a perpendicular to the G x .L t . through a. 
The distance of A above H remains the same, hence a x ' is 
a distance from Gj.Lj. that a' is above the G.L. The 
point B is in the 2nd angle, but GK .L x . cut H back of 6, 
therefore, when 6/ is located on a perpendicular to the 
G x .Lx . at a distance above it that b' is above the G.L., it 
brings the point B in the 1st dihedral angle with respect to 
V,. C lies in V and its H projection is at the intersection 
of the 0t x .L j . with the G.L., hence, it also lies in the new 
V, plane at c' a distance from c that c if from c. 

The new H projections do not change; the distances 
of points from H are constant, hence the distances of their 
new projections in front of or back of the new Gi. Li. are 
constant. 

25. A new coordinate plane, or H, plane, may be used 
with respect to either V or V x . This is not a horizontal 
plane but is called an H^ plane for convenience and to 
associate it with the V or V 2 planes. Let the ground line 
of the H, and V or V x planes be called G 2 :. L 2 . The H, 
projection of a point is found upon a perpendicular to the 
G 2 . L 2 . through the V projection and at a distance from 
G 2 . L 2 . that the H projection is from the G. L. Or the Hi 
projection is found upon a perpendicular to the G 8 . L«. 
through the V! projection and at a distance from G». L 8 . 
that the H projection of the point is from the Gi. Li. 

In this change the V or the Vi projection does not 
change, nor the distance of the point from the V or Vi 
plane. The distance of a point from the Hi plane may be 
different from it distance from H. 
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Figure o. 



Let A and B be two points in projection in Figure 9. 
Project them also upon a V! plane whose G1.L1. cuts the 
G.L. as shown. A new Hi plane also cuts Vi.in a line 
G«. L a . at right angles to the G x . L x . a J is found at a- 
distance above the GK.Lx that a' is above the G. L. and 
a x is found on a perpendicular to the G a .L 3 . through a/ 
and at a distance from it that a is from the GpLp Simi- 
larly b \ is a distance in front of the Q x L t , i. e., to the left, 
that B is from the H plane shown at b' , and 6» is a distance 
in front of G 2 * L 2 that b is from the GK L x . 



26. If a line is parallel to either coordinate plane, the 

trace of the projecting plane of the line on the other or 
corresponding plane of projection is a line parallel to the 
G.L. 

// a line is parallel to both coordinate planes of projec- 
tion then the traces of both projecting planes of the line 
are parallel to the G.L. Hence, when a line is parallel to 
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V its H projection is parallel to the G.L. and when it is 
parallel to H its V projection is parallel to the G.L. If it 
is parallel to both H and V it is parallel to the G.L. and 
both projections are parallel to G.L. 

If a line is parallel to a plane all points of it are 
equally distant from that plane, hence the projection of a 
line on a coordinate plane to which it is parallel will show 
the true length of the line, and, by its angle with the G.L., 
the angle the line makes with the corresponding plane of 
projection. 

if a line is perpendicular to a coordinate plane its 
projection on that plane is a point and its projection on 
the corresponding coordinate plane is a line perpendicular 
to the G.L. and equal in length to the line itself. 

If a line is parallel to an end plane, it is necessary to 
project the line, by two of its points upon the end plane, 
to determine its length, direction, and its angles with 
either coordinate plane. 

27. The trace of a line is the point of intersection of 
the line with any plane. Commonly, in descriptive geom- 
etry, it means the point of intersection of a line with one 
of the coordinate planes of projection. 

Referring to Fig. 10, eveiy point in the vertical pro- 
jection of A B, being the vertical projection of some point 
in the line, shows that the point D in which this projection 
cuts the G. L. is the vertical projection of the point of the 
line which is in H*, that is, it is the vertical projection of 

* The G. L. contains the vertical projections of all points lying In the H 
plane, in fact It Is the vertical projection of the H plane. It also contains the H 
projections of all points In the V plane, and it is likewise the H projection of the 
V plane. 
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Figure 10. 

the H trace of the line AB. The H projection of the H 
trace is on the H projection of the line. Similarly the 

point of intersection of the H projection of AB with the 

Gk L., e, is the H projection of the V trace; the V project- 

tion of the V trace is on the V projection of the line. 

Hence may be derived the following: 



28. To find the trace of a line with either coordinate 
plane, prolong the corresponding projection of the line 
until it cuts the G. L. It is the corresponding projection 
of the trace desired. The other projection of the trace will 
be found upon the other projection of the line. 

The preceding is a general statement. It may be di- 
vided more specifically into a rule for finding the H trace 
of a line and one for finding the V trace of a line. The 
first of these can be stated as follows: 

Prolong the V projection of the line until it intersects 
the 6. L., which point is the V projection of the H trace; 
the H projection of the H trace is on the H projection of 
the line at the intersection of a perpendicular to the GK L. 
through the V projection. 

Observe that neither of the two coordinate points alona 
is the trace sought, but the two together constitute the 
projections of the trace. 
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Figure 11. 

29. Let AB and CD, in Fig. 1 1, be two intersecting lines 

•the first of which is parallel to H and the second parallel to 

* V. The point R is the V trace of the line AB. The H 

trace is at infinity. The V projection of the H trace will 

' be on the G.* L. at infinity and the H projection of the H 
trace will be on the H projection of the line at infinity. 
Similarly S is the H trace of the line CD. The H projec- 
tion of the V trace is on the G.L. at infinity, the V 
projection <tf the V trace is on the V projection of the line 
at infinity. 

Hence to make a general statement : When a line is par- 
allel to either coordinate plane the projection of its trace 
on that plane is on that projection of the line at infinity; 
the corresponding projection of the trace is on the G. L. 

• ai infinity. 

30. If a line is parallel to both coordinate planes its H 

• and V traces are identical both upon the G. L. and the 
line at infinity. 

' If a line goes through the G. L. at a finite point, that 
point constitutes both projections of both traces. 
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If a line lies in an end plane its traces are in the 

• 

ground line or Gb . Lb . of the end plane with the V or H 
plane. The rule is modified to suit the condition. For ex- 
ample see Fig. 12. AB is a line in an end plane. Revolve 
this plane about its Ge .L B . into the V plane and get the end 
projection of A B at a e b e . To obtain the H trace of the 
line prolong the end' projection of the line until it inter- 
sects the G. L. which is the revolved line of intersection of 
the end plane with the H plane. Let s* be the end projec- 
tion of the H trace. The H projection of the H trace will 
be on the H projection of the line at a distance above the 
G. L. that Se is to the left or back of the Gb . L B . The V 
projection of S will be on the G. L. at its intersection with 
the Ge . L« . Similarly to obtain the V trace prolong the 
end projection of the line until it intersects the G B Lb 
which is in V. The H projection of the V trace is in the 
G. L. at the intersection with Gb . Lb . 
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31. To find the traces of a line by means of an end plane, 

project the line upon the end vertical plane, then prolong 
this projection, if necessary, until it intersects the V 
plane in the G B .L B ., and the H plane in the G.L. The 
former is the V projection of the V trace, the latter is the 
revolved H projection of the H trace. The H projection 
of the V trace is in the G. L. and the H projection of the H 
trace is on the H projection of the line, a distance in front 
of or back of the G. L. that the point is in front of or back 
ofV. 

32. The proper study of descriptive geometry requires 
that every problem be divided into two parts, first analysis, 
second, solution or graphic demonstration. The first is 
the consideration of the geometrical principles involved, 
together with a description of the method of solution if it 
is a problem or of laying out the data if it is simply the 
graphic interpretation of the geometric conditions; its 
treatment should be general. The second concerns the 
graphical part and consists in solving the problem graph- 
ically according to the principles decided upon in the ana- 
lysis or graphically interpreting the data if it be only the 
interpretation of descriptive geometry conditions. 

The student is cautioned never to hasten to the second 
without doing full justice to the first. The analysis may 
involve the statement of descriptive geometry conditions, 
the geometric principles involved and a division of the 
main problem into parts each of which has its separate 
solution. However simple or complex the problem is, it 
should have its analysis preceding the graphical interpre- 
tation. 

Verify geometrically all steps or processes by going 
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over the most fundamental and elementary principles in- 
volved in each problem until the interpretation of the 
fundamentals no longer gives any trouble, but is dealt with 
as unconsciously as letters are formed to spell words in 
writing. The entire subject depends upon a few compara- 
tively elementary concepts. These should be fully grasped 
before their varied application can be intelligently handled. 

33. To draw a line containing a point in each of two 
given dihedral angles:— Locate the points in the specified 
angles and draw the projections of the line to contain the 
respective projections of the points. 

A line can also be made to pass through any one of 
the dihedral angles severally, by a consideration of its 
traces and their proper location. For example, if a line 
goes from left to right, and from the 1st angle through the 
2nd into the 3rd, its V trace must be above the G.L., and 
its H projection must touch the 6.L. to the left of the V 
projection; its H trace must be back of the G.L., i.e., the 
perpendicular from the V projection of the H trace must 
meet the H projection of the line back of the G.L. If a 
line having the same direction goes from the 1st angle 
through the 4th into the 3rd, then the H trace must be in 
front of the G.L., i.e., the V projection must intersect the 
G.L. to the left of the H projection, and the perpendicular 
from the H projection of the V trace must intersect the V 
projection of the line below the G.L. 

A line lying in four dihedral angles is a line lying in 
either coordinate plane and crossing the G.L. in a finite 
point. 
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34. The alphabet of the line is an expression used to 
designate the possible positions of a line with respect to 
the coordinate planes. The directions of a line are seven 
in number. 

1. Inclined to H and V. 

2. Parallel to H and inclined to V. 

3. Parallel to V and inclined to H. 

4. Parallel to H and V or parallel to the G.L. 

5. Perpendicular or normal to V. 

6. Perpendicular to H. 

7. Inclined to H and V and perpendicular to the G.L. 
With direction (1) a line may go (a) through the 1st, 

4th and 3rd angles, (b) through the 1st, 2nd and 3rd 
angles, (c) through the 4th, 1st and 2nd angles, (d) 
through the 4th, 3rd and 2nd angles, (e) through the G.L. 
and from the 1st to the 3rd angles, or (f) through the 
G.L. from the 2nd to the 4th angles. 

With direction (2) a line may go (a) through the 1st 
and 2nd angles, (b) through the 4th and 3rd angles, or 
(c) it may lie in H and hence cut the G.L. 

With direction (3) a line may go (a) through the 1st 
and 4th angles, (b) through the 2nd and 3rd angles, or (c) 
it may lie in V and hence cut the G.L. 

With direction (4) a line may lie (a) in the first angle, 

(b) in the 2nd angle, (c) in the 3rd angle, (d) in the 4th 
angle. 

With direction (5) a line may go (a) through the 1st 
and 2nd angles, (b) through the 4th and 3rd angles, or 

(c) it may lie in H and go through the G.L. 

With direction (6), a line may go (a) through the 1st 
and 4th angles, (b) through the 2nd and 3rd angles, or (c) 
it may lie in V and go through the G.L. 



THE LINE AND PLANE 



27 




Figure 18. 

With direction 7, a line may go (a) through the 1st, 4th 
and 3rd angles, (b) through the 1st, 2nd and 3rd angles, 
(c) through the 4th, 1st and 2nd angles, (d) through the 
4th, 3rd and 2nd angles, (e) through the GkL., the 1st and 
3rd angles, or (f ) through the GKL., the 2nd to the 4th 
angles. 

The student is advised to draw out these positions for 
himself as a drill in determining traces and as a reference 
chart for the earlier work in the subject 



35. A point is said to revolve about a line as an axis 

when the path of the point is a circle whose plane is per- 
pendicular to the axis and whoso center is in the axis. 
A simple case is that of the revolution of a point about 
a line which is perpendicular to either coordinate plane. 
If the line or axis of revolution is perpendicular to H, the 
conditions are as shown in Fig. 13. A point A revolves 
about the line O P. The path of the point being a plane 
perpendicular to OP, which in turn is perpendicular to H, 
must be parallel to H, hence has its center at O and is a 
true circle in H projection. Its vertical projection is a 
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limited straight line perpendicular to OP or parallel to the 
Gk L. with center at 0' . If the point A moves through 
any given angle, the angle in its true value is laid off with 
o as a center and the vertical projection of the point is 
found upon the vertical projection of the path. Let the 
point move toward V from the position A until it lies in 
the V plane. a x is its H projection, where the H projection 
of the path of the revolution crosses the G.L. and di 'is the 
vertical projection upon the vertical projection of the path. 
Another illustration is, when the point revolves about 
any line lying in either coordinate plane. Let A in Fig. 14 
be such a point and QP the given line. The path of the 
point, being perpendicular to the axis, is projected on H 
in this illustration as a limited line perpendicular to o p 
for OP lies in H and a plane perpendicular to H will be 
projected on H in a straight line. The center O of the path 
is horizontally projected where the H projection of the 
path cuts the H projection of the axis. The radius of re- 
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volution is the perpendicular distance of the point from the 
axis. This perpendicular is oblique, in this case, to both 
H and V. To state it in general terms it is the hypotenuse 
of a right angled triangle of which one side is the perpen- 
dicular distance of the projection of the point on the plane of 
the axis from the axis and whose other side is the distance 
of the point from the plane of the axis. In the example 
under consideration the first side mentioned is the distance 
oa, and the second side is the distance of a' from the GK L. 
This radius may be derived by auxiliary construction but 
it is better to get it in the following way : Conceive the 
plane of the path of the point to be revolved about its H 
projection into H that is about the line oa. A falls at a x ; 
a a x is the second side of the triangle just mentioned and 
the revolved position of the path is a circle with oa x as a 
radius and diameter a 2 a 3 . If A moves from the given 
position, in the direction of the arrow in revolved position, 
it falls in the H plane at a 2 , a distance from o equal to 
o a x . If it continue motion it will go through the 4th angle 
again falling into H at a 2 . 

Every point in the path of A shown in the figure as re- 
volved into H is horizontally projected in the diameter 
a 2 a 3 and vertically projected on perpendiculars through 
these points as shown in the figure. The lengths of the 
ordinates to the diameter a 2 a 2 are the distances respect- 
ively that .the points lie above or below H according to the 
direction of revolution of the path into coincidence with H. 
In this case all the points in the circle to the right of the 
diameter a 2 a 3 stand for positions above H and those to 
the left for positions below H. 

If it is desired to revolve the point A through a given 
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angle about the line QP the angle can be laid off with o 
as a center and subtended by an arc of the circle a 3 a x a z . 
The new position of the point would be horizontally pro- 
jected by an ordinate to the axis and vertically by laying 
off the length of this ordinate above or below the G. L. as 
the case may be on a perpendicular to the G. L. through 
the H projection. 
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Figure 16. 



Let A, Fig. 15, be a point in space to move about a line 
PQ in V, in the direction of the arrow shown in revolved 
position. The radius of revolution is the hypotenuse 
o #1 ' and the revolved position of the path is shown 
at a\ b\ d\ . A is in the 1st angle; if it moves to the 
position &i ' shown as revolved into V the V projection of 
the point is b ' and the H projection at 6 is a distance below 
&' equal to the length of the ordinate 6/ 6'. The point 
is in H in front of V. If the point moves from the position 
B to the position C it is in the 4th and 3rd angles. C is a 
point in V below H and hence c y in the G. L., is its H pro- 
jection. If the point moves from the position C to the posi- 
tion D, it lies in the 3rd and 2nd angles, di ' is the re- 
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volved position of the point lying in H back of V, d' is its 
V projection and d is a distance from the G. L. equal to 
the length of the ordinate d'd\. From D to E the point is 
in the 2nd angle. At E the point has come into V, hence 
its H projection is in the G. L. 

The student is advised to copy the figure upon a some- 
what larger scale and locate the projections of a few 
intermediate points in the revolution to familiarize himself 
with the principles involved. 



36. To revolve a point about a line which is oblique to 
both coordinate planes is a much more difficult problem 
than the foregoing. If it should occur in any practical 
problem, a good solution is to change the coordinate 
planes; project the axis and point upon a V x plane parallel 
to the axis, or to project them upon a plane through the 
axis, and then proceed in the manner outlined. 



37. A change of one coordinate plane for a line may be 

made as follows: A line may be projected upon any new 
Yi plane (see figure 16) by finding the new V t projections 
of points of the line. If the G x .L t . is taken perpendicular 
to the H projection of the line obviously the V! projections 
of all points of the line will be in a common perpendicular 
to the Gi.L 1M and we have indeterminate projections of 
the line as we have when the line lies in an end plane. 

Project the line upon a new vertical plane or V 2 (see 
Figure 16) to distinguish it from the one just mentioned, 
whose G 2 . L 3 . is parallel to the H projection of AB. Obvi- 
ously V 2 is parallel to the line since G 2 . L 2 . is parallel to 
ab which is the H trace of the H projecting plane of AB. 
Finding the projection of AB on V 2 in a\ 6 2 , we have a 



32 DESCRIPTIVE GEOMETRY 




Figure 16 . 

projection which is parallel to the line and of the same 
length as the line. This shows one of the uses of a change 
of coordinate plane. 

To project a line upon a new V x plane whose Gj . L { . 
is parallel to the H projection of the line results projec- 
tively in the same way as considering the H projecting 
plane of the line. And since the V! projection is revolved 
about the Qt x . L^. into coincidence with H, and further 
since a revolution about the V projection into V is sim- 
ilar to a revolution about the H projection into II, we 
may state as the analysis for finding the true length of a 
line by projection: 

Analysis:— Revolve the line about either projection into 
the coordinate plane of that projection. The revolved 
position is the true length required. 

38. To find the true length of a line by revolution. 
Analysis : —Revo Ive the line about the projecting line on 
V or Hof any one of its points until the line is parallel to H 
or V. Its projection on the plane to which it is parallel, 
will give the true length required. 
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FieUBl 17 AND 18. 

Construction: — A convenient point is one extremity of 
the limited line. See Figure 17. 

Revolve the line AB about the H projecting line a'o' 
of the point A on H* until ab is parallel to the G.L. The 
point b travels in the arc of a circle with a as a center. 
This circle being parallel to H, is projected on V as a 
straight line parallel to the G.L., whence b\ the inter- 
section of such a parallel with a perpendicular to the G.L. 
through b x is the position of the point in vertical projection 
when the line is parallel to V. a'b\ is then the true 
length of the line. 

Similarly, the line might be revolved about the V pro- 
jecting line of either A or B until the line AB is parallel 
to H, whence, in its revolved position, the H projection 
would show the true length of the line. (See Figure 18.) 



•«' 



a'o 1b the vertical projection of the H projecting line. 



CHAPTER III. 



PROBLEMS IN POINT, LINE AND PLANE. 



39. THEOREM IV. 



If a line lies in a plane the traces of the line lie in the 
corresponding traces of the plane. 



fe— By geometry, a line lies in a plane when 
every point of the line lies in the plane. The trace of a 
plane with a coordinate plane is a line lying wholly 
within the plane. It must intersect every other line 
of the plane, each in some point. Such a point being on 
another line of the plane, must be the trace of that line 
with the coordinate plane. 

The converse of this is not always true, for example, if 
a line goes through the GKL. at the point of intersection 
with the G.L. of any plane, the traces of the line will 
coincide with each other and lie upon the traces of the 
plane but the line will not necessarily lie in the plane 
unless some other point also does. 

40. THEOREM V. 

A given line is parallel to a plane when it is parallel to a 
line in the plane or when it lies in a parallel plane. 
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Proof:— Since from geometry parallels between par* 
allels are equal, and conversely, if from any two points 
in the line parallels can be drawn which also terminate 
in the given plane and are of equal length, they will 
pierce the given plane in points which lie on a line 
parallel to the given line* Hence the given line is par- 
allel to the plane. And since what is true of one line 
will also be true of either line, a line is parallel to a 
plane when it lies in a parallel plane. 

41. Corollary. If a line is parallel to either coordinate . 
plane, then any plane passed through the line will have 
its trace on that coordinate plane parallel to the projection 
of the line on that plane. 

42. Every point in the V trace of a plane is a point in V 

as well as a point in the plane, hence the corresponding 
projection is in the G.L. Similarly every point in the H 
trace of a plane is a point in H as well as a point in the 
plane, hence the corresponding or V projection of this 
point is also in the G.L. To locate any other points lying 
in the plane conceive of a line or lines lying in it, passing 
through the point, and limited by the traces of the plane. 

43. To pass a plane through three given points. 

Analysis:— Since the points lie in a plane they will lie 
upon lines of the plane passing through them. Hence if 
lines are drawn connecting the points the traces of two such 
lines are sufficient to locate the traces of the plane of the 
lines, that is the plane of the points. 
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FlQUBI 10. • 

Construction:— ( See Fig. 19). 

Let A, B and C be three points in projection. Connect 

A and B by a line, also A and C. Q is found to be the V 

trace of AB (by Sec. 28) and E the V trace of AC. The V 

trace of the plane of the three points passes through the 

points r' and q' . Similarly U is the H trace of the line 

AB and S is the H trace of the line AC, and the H trace of 

the plane of the three points goes through the points u s. 

If the work is done accurately the H and V traces will 

meet on the G.L. Hence, if one trace is obtained by the 

method described only one point is required in the other 
trace. 

If one of the lines drawn connecting two of the three 
points is parallel to the G.L. then any plane passed 
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through this line is parallel to the G.L. by Theorem V, 
Sec. 41, and the traces of the plane are parallel to the G.L. 
Hence, it is only necessary to locate one point in each 
trace. 

If the traces of lines connecting three points in space do 
not come within .available limits on the drawing, then any 
auxiliary lines may be taken to intersect those connecting 
the three points. These can be so chosen that their traces 
can be readily obtained. 

If the lines connecting the projections of the points are 
perpendicular to the G.L., it is necessary to project the 
points upon an end plane; if one line connecting two 
points is perpendicular to the G.L., then an auxiliary line 
may be used. 

The problem to pass a plane through a line and a point 
does not differ from the preceding. Draw an auxiliary 
line through the point to intersect the given line and 
proceed as before. A convenient auxiliary line to use is 
one which is parallel to the given line. 

44. To draw the traces of a plane which shall contain 
a given line. 

Analysis: — Since an infinite number of planes can be 
passed through a line, draw, through the V and H traces 
of the line, the V and H traces of any plane which will 
intersect each other in the G.L. 

45. The horizontal and the vertical of a plane are 

respective lines in the plane, the first of which is parallel 
to H and the second is parallel to V. 
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FlQUBE 90. 



For example, see Figure 20, the line AB is a horizontal 
of the plane T for its H projection is parallel to the H 
trace of the plane T, and its V projection is parallel to the 
G.L. And similarly, CD is a vertical of the plane T for its 
V projection is parallel to the V trace of the plane and its 
H projection is parallel to the G.L. These lines are 
useful in the solution of problems. 

It is useful, sometimes, to consider a line as the 
intersection of two planes, for example, the line AB of 
Figure 20 is the line of intersection of the plane T with 
a V! plane which is parallel to the H trace of T and whose 
Qt x . Li. coincides with ab. Its vertical trace will be the 
line W . In like manner the line CD is the line of inter- 
section of the plane T with a new E^ plane which is 
parallel to the V trace of T and whose G 2 . L 2 . coincides 
with the line c'd'. Its H trace will be the line d'd. 



46. To assume a point in a plane. 
Analysis — Since lines lying in the plane and passing 
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through the point have their traces in the respective traces 
of the plane, one projection of such a line may be assumed 
at will to contain one assumed projection of the point, and 
by means of the traces of the line, the corresponding 
projection may be found, which in turn contains the corres- 
ponding projection of the point. 

The horizontal or vertical of the plane are convenient 
lines to use for this purpose. E is a point in the plane T, 
Figure 20, found by the method described. 

47. THEOREM VL 

The traces of parallel planes with a third plane are 
parallel. 

Proof: By hypothesis the traces each lie in the re- 
spective planes and also in a third plane together. By 
Theorm V, if through any two points of one of the lines 
or traces parallels can be drawn, lying in the same 
plane, and of the same length the line connecting their 
extremities will be parallel to the line or trace. But 
the two such lines which may be drawn to connect the 
points on the second trace are themselves in a third 
plane together with the first line, and the line connecting 
their extremities lies in the third plane and is parallel 
to the first line or trace. 



48. Both coordinate planes may be changed with respect 
to a line. Let AB, Fig. 21, be the line to project upon any 
new V x plane and Hx plane. Find the V x projection by 
Sec. 24. Let the new H^ plane be chosen by its G 2 .L 2 , it 
is perpendicular to the V! plane. The points A and B are 
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Figure Si. 

projected upon it by drawing perpendiculars from their 
V x projections to the G 2 .L 2 . The distances of the points 
from V x are fixed and their projections upon any H L plane 
are as far from the ground line of that plane with V x as 
the H projections are from the ground line with V! hence 
a 2 and 6 2 *are on perpendiculars to G 2 ,L 2 . through a\ and 
b\ and distant respectively from G 2 .L 2 . the amounts that 
a and b are from the G r .L x . 



49. Change of one coordinate plane with respect to any 
oblique plane: Let T be any plane, see Fig. 22. Choose 




Figure 22. 



any new V r plane with G L .1^. cutting TH in the point A. 
The plane V t cuts a line from V which is perpendicular to 
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the G. L. because V x is perpendicular to H, this line is bb ' . 
b' is also a point in T because it is in the V trace of T. 
The V! projection of the point B is on a perpendicular to 
the Gi.Lf through 6, namly b\ . The V! projection of A 
is a because the point lies at the intersection of TH and 
G ! .L ! . It must moreover be a point in the new V! trace 
of the plane T. Hence ab\ is the V, trace of the plane T. 
If G l .L l . had been taken perpendicular to TH, by in- 
spection, we can see that the plane T would have been per- 
pendicular to Vi . 

/ / 




FlGUBE 28. 

50. Change of both coordinate planes with respect to a 
plane: Let T be any plane, Fig. 23. Find its V x trace 
as in the preceding paragraph. Now take any new 
Hi plane cutting V x in the line G 2 .L 2 . Where TV\ cuts 
G 2 .L 2 . is one point in the H L trace of the plane, i. e., C. The 
plane H T cuts a line from H which is perpendicular to V\ , 
because both planes are perpendicular to V; this line is 
DE. E is also a point in T because it is in the H trace of 
T. TheH projection of Eis on a perpendicular to Gx .L x . 
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through e' . The H^ projection of E is on a perpendicular 
to G 2 .L 2 •> & distance from it equal to d e. It is a point 
in the new H L trace of the plane T. C is another point in 
the H trace. Hence, the line THx connecting c 2 and e 2 will 
be the H l trace of the required plane. 




Fioubi 24, 



Consider another case of change of coordinate planes, 
with respect to any oblique plane. Let T, Fig. 24, be the 
given plane and let it be required to take a new V! plane 
perpendicular to it and a new B. x plane parallel to it. The 
Qti Ln of Vi is perpendicular to TH^ for if a plane is per- 
pendicular to V its H trace will be perpendicular to the 
G. L. By preceding paragraph we find TV X . The new 
H! plane, to be parallel to T must have its G 2 .L 2 . parallel to 
the Vi trace of the plane or TV x . The plane Hi cuts a line 
from H which is perpendicular to V! but this perpendicular 
by construction will be parallel to TH, meeting it at in- 
finity. Hence since TV\ is parallel to G 2 L 2 , TH t will also 
be parallel to and at an infinite distance from G 2 ,L 2 . 



PROBLEMS IN POINT, LINE AND PLANE 



43 



51. To draw a line parallel to a given plane through a 
given point 

Analysis:— From Theorem V y a line is parallel to a plane 
when it is parallel to a line lying in the plane. There can 
be an infinite number of lines through a point parallel to a 
plane, each will be parallel to a line in the plane, hence 
draw any line lying in the given plane and through the 
point draw the projections of a line parallel to it. 




Figure 96. 



Construction:— Let T, Figure 25, be an oblique plane 
and C the given point. Draw any line AB in T (whose 
traces will lie in the traces of the plane). Through 
c draw a line parallel to ab and through c ' a line parallel 
to a' b' . The line through C is parallel to the plane T. 

Since an infinite number of lines can be drawn through 
C and parallel to T, they will constitute a plane, so if two 
lines are drawn through C parallel respectively, to two 
lines lying in T, they will lie in a plane parallel to T through 
the given point. But such a plane, by theorem VI, would 
also have its traces parallel to those of T, hence it is not 
necessary to draw but one line through C to locate it. 
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52. To pass a plane through one line and parallel to 
another line. 

Analysis: — By Theorem V, a line is parallel to a plane 
when it is parallel to a line lying in the plane. Hence draw 
through a point in the first line, a line parallel to the 
second. The plane of the two intersecting lines will be 
parallel to the second line. 



Construction: — In Figure 26, let AB be a line through 
which to pass a plane parallel to the line CD. ' Through 
any point ol AB as O draw an auxiliary line EF parallel 
to CD. The plane of AB and EF is the plane required. 

If the two given lines are parallel to each other, i.e., 
their projections respectively parallel then any plane 
through the one will be parallel to the other. 

If either one of the two given lines is parallel to the G. 
L., the required plane will be parallel to the G.L. and its 
traces will be parallel to the G.L. 

If either one or both of the lines have their projections 
perpendicular to the G.L., then the traces are obtained by 
use of an end plane. 
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There can be but one plane containing a given line 
and parallel to another line unless the two lines are 
parallel to each other. 



/ 



V 



A 

i .1° j^ 




53. Within any given plane perpendicular to a 
nate plane, to draw a line making a given angle with that 
coordinate plane. 

Analysis— By Theorem II, one projection of the line 
will coincide with the trace of the plane, that projection on 
the coordinate plane to which the given plane is perpen- 
dicular; hence we can assume that projection at will. 
Revolve the assumed projection together with the trace of 
the given plane into the corresponding coordinate plane 
about the corresponding trace of the plane as an axis. The 
angle can here be constructed its true value. Revolve the 
line back again to its original position, and both projections 
of the line and the angle will be shown. 

Construction: — Let Fig. 27, show a plane perpen- 
dicular to V. Required a line AB lying in it and making an 
angle of 60° with V. Assume a' b' with A a point in V. 
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Revolve AB about TH as an axis until A fall into H. The 
angle at a Y with the the G.L. as one side will be the true 
angle and b x can be obtained in the manner shown* 
Revolve the line back again into its original position. a x 
moves along the G.L. as in the figure to a at the inter- 
section with a perpendicular from a' to the G.L. and b Y 
moves parallel to the G.L. to the position 6 on a perpen- 
dicular to the G.L. through &', whence ab is the H 
projection of the line. 

If the plane T has but one trace, which would of course 
be parallel to the G.L. then one projection of the required 
angle would coincide with the given trace of the plane and 
the other projection of the angle would at once show its 
true value. 

If the given plane is perpendicular to both coordinate 
planes the angle is obtained by revolving the given plane 
into V about its V trace. The projection of the angle on 
the e^d plane would sbow its true value. 

54. Through a given point to pass a plane parallel to two 
giren lines. 

Analysis:— 4 plane is parallel to a line when it contains 
a line parallel to the given line. Therefore through the 
given point draw lines parallel respectively to the given 
lines, the plane of these lines is the required plane. 

Construction: Let O Fig. 28 be the given point, AB 
and CD respectively, the given lines. Through O draw two 
lines, parallel respectively to AB and CD. The V traces 
of these lines are respectively A! and Dj and the H traces, 
B! and C! , Aj and D t therefore, are points in the V trace 
of the plane of the two lines and B x and C! are points in 
the H trace, which constitute the plane required. 
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Figure 28. 

If the given point is in the G. L. the traces of the re- 
quired plane intersect each other in this point and hence 
after drawing the two auxiliary lines through the point, 
draw a third auxiliary line lying in the plane of the two, 
i. e., intersecting them; the traces of this line will lie on 
the traces of the required plane thus giving, together with 
the given point, two points in each trace of the plane. 

If it is found that any third auxiliary line just mention- 
ed also has both of its traces in the G. L. then the traces of 
the required plane are in the G. L. 

If both given lines are parallel to the G. L. the required 
plane will be parallel to the G. L. It is necessary either to 
use a third auxiliary line as in the case just preceding or 
an end plane whereon the traces of the auxiliary lines will 
establish the trace of the required plane with the end plane 
and from this its traces with V and H may be obtained. 



55. To find the line of intersection of two planes; 

Analysis:— Since the required line is a line of each 
plane its traces will lie in both planes respectively, i.e. its 
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V trace will be at the point of intersection of the V traces 
of the given planes and its H trace at the point of inter- 
section of their H traces. Hence the line connecting these 
points will be the line required. 



Figure 20. 

Construction:— Let the two planes be given as in Figure 
29. The point of intersection of the H traces is A and 
it is the H trace of the line of intersection. The point of 
intersection of the V traces is B and it is the V trace of the 
line of intersection, hence AB is the line required. 

If the traces of both planes do not intersect at accessible 
points upon the drawing, auxiliary construction must be 
resorted to as follows : 

56. To find the line of intersection of two planes when 
one or both pairs of traces do not intersect at accessible 
points. 

Analysis:— Any plane parallel to a coordinate plane 
will cut from each plane a line parallel to that coordinate 
plane. These lines, lying in each plane must intersect 
upon the line of intersection of the two given planes. 
Hence, vass one or more auxiliary planes parallel to H or 
V and find two pairs of lines cut from each plane. The 
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points of intersection of these lines will determine the 
required line. 

Construction:— Let the planes T and S be given as in 




FlQUBI 80. 



Figure 30, neither pair of traces intersecting at accessible 
points-. Pass any two auxiliary planes P and E parallel to 
V. They will cut lines AB and CB respectively from the 
planes T and S, intersecting each other in the point B and 
lines DE and FE respectively from the planes T and S 
intersecting each other in the point E. The line BE is the 
required line of intersection of the two planes. 

If only one pair of traces intersect at an inaccessible 
point, the following convenient construction may be 
employed : 

Analysis: — Parallel planes intersect a third plane in 
parallel lines, hence draw an auxiliary plane parallel to 
one of the given planes and it will intersect the other 
given plane in a line which is parallel to the required line. 
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Figure 81. 



Construction: — Let the planes S and T be given as in 
Figure 31. At any point upon the G.L. draw a plane Ti 
parallel to T, its traces will be parallel to T and by Sec. 47, 
A ! B j will be its line of intersection with S. Now a' and a 
are the projections of the V trace of the line of inter- 
section of S and T f hence through A draw the projections 
of a line parallel to A x B x and it will be the required line. 

If both of the given planes cut the G.L. at a common 
point, either of the two proceeding special constructions 
may be employed, noting that the line of intersection will 
pierce the G.L. at the same point as the planes. 

If both of the given planes have traces parallel to the 
G.L.) their line of intersection will be parallel to the G.L. 
and the intersection of the planes with an end plane is 
necessary to determine the distance of this line from the 
coordinate planes in both projections. Its projection on 
the end plane will be the point of intersection of the traces 
of the given planes with the end plane. 
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When two given planes are parallel, their line of inter- 
section is at infinity and its projections are at infinity in 
both coordinate planes. 

When two planes have one pair of parallel traces, the 
line of intersection will have its similar projection parallel 
to the parallel traces, the corresponding projection will be 
parallel to the G.L. 




FlQUBI 89. 



57. To find the trace of a line with any plane; 

Analysis:— The required trace will lie upon the line of 
intersection with the given plane of any plane passed 
through the given line, hence pass any auxiliary plane 
through the line, find its line of intersection with the given 
plane and where the given line pierces this line of intersec- 
tion will he the trace required. The most convenient 
auxiliary plane for this purpose is either the V or the H 
projecting plane of the line. 

Construction:— Let T in Figure 32 be any plane and 
AT* any line oblique to the plane T, to H and to V, Draw 
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the H projecting plane, S, of the line AB. Find its line of 
intersection, CD, with the plane T. Note that the H pro- 
jection of this line will be coincident with the H trace of 
the plane S, since S is perpendicular to the H plane. 
Where CD intersects the line AB in E is the trace 
required. 

If the plane is oblique and the line is parallel to the 
G.L., either projecting planeof the line will have one trace 
at infinity and the line of intersection of the projecting 
plane and the given plane will have one projection parallel 
to the similar trace of the given plane, the corresponding 
projection will be parallel to the G.L. 

If the given plane is an end plane, the point of inter- 
section of the projections of the line with the traces of the 
plane will be the projections of the point of intersection of 
the line with the plane. 

If the given plane is perpendicular to one coordinate 
plane, and oblique to the other, while the line is oblique to 
both, then note that every point in the given plane is 
projected upon that plane to which it is perpendicular in 
its trace upon that plane. Hence one projection of the 
piercing point will be where the one projection of the line 
cuts the trace of the plane with the coordinate plane to 
which the latter is perpendicular. 

If the given plane is oblique and the given line is per- 
pendicular to the G.L., then the projecting planes of the 
line coincide and are together an end plane. Find the 
line of intersection of the given plane with the end plane 
and the piercing point will be on this line. 

58. THEOREM VIL 

If a line is perpendicular to a plane the projections of 
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the line are perpendicular respectively to the traces of the 
plane; 

Proof: — The projecting plane of a line, whose one 
trace is identical with the projection of the line, is per- 
pendicular to the coordinate plane, and is also perpendic- 
ular to the given plane since it contains a line perpendic- 
lar to the given plane; hence it is perpendicular to the 
line of intersection of the two; but this line of inter- 
section is the trace of the given plane with the coordinate 
plane, hence, either projection of the line will be per- 
pendicular to the similar trace of the plane. 

59. Through a given point to pass a plane perpendicular 
to a given 



Analysis: — By Theorem VII, the traces of the required 
plane are perpendicular respectively to the projections of the 
line. Therefore through the given point draw a vertical or 
a horizontal of the required plane since one projection of 
which will have the same direction as the similar trace of 
the required plane. The trace of this line upon the cor- 
responding plane of projection will be one point in the 
corresponding trace of the required plane. Both traces of 
the required plane can then be drawn since they must 
intersect uvon the G.L. 



l:— Let AB, Figure 33, be a given line and 
O the given point. Through O draw the line OP as a 
horizontal of the required plane, i.e., op is perpendicular 
to ab and o'p' is parallel to the G.L. The V J;race, C,of 
the line OP is a point in the vertical trace of the required 
plane and the H trace goes through the point in which the 
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FIGURE 88. 

V trace touches the G.L., both traces being perpendicular 
respectively to the projections of AB. 

If the given point is in the G.L., the traces of the 
required plane will intersect each other in this point. 

If the given line is in an end plane and the given point 
is in the G.L., then the traces of the required plane are in 
the G.L. f and the plane is indeterminate in position. It 
will be completely determined by ascertaining the piercing 
point of the given line with it.* This is done by project- 
ing both plane and line upon an end plane since the line 
is parallel and the plane is perpendicular respectively to 
the end plane. The point in which the end projection of 
the line cuts the end trace of the plane is the end projec- 
tion of the piercing point of the line with the plane. 

If the given line lies in an end plane and the point is 
outside of the line then the required plane is parallel to the 
G.L., and contains a line through the given point projec- 



• A plane whose traces are In the G.L. Is completely determined by the 
location of a point in the plane. 
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tively perpendicular to the given line.* Hence to find the 
traces of the plane, project the line and point upon an end 
plane. Draw through this projection of the point the end 
projection of a line perpendicular to the end projection of 
the given line. The traces of this line lie upon the traces 
of the required plane. 

60. To find the distance of a point from a plane. 

Analysis:— The distance of a point from a plane is the 
length of a perpendicular from the point to the plane. 
Hence draw through the point a line perpendicular to the 
plane. Find the piercing point of this line with the plane, 
[by Sec. 57]. Next find the distance between the two 
points on the line by any of the methods previously 
explained. 

Construction; — Let T, Figure 34, be a given plane and 
O a given point. Through O draw OR the indefinite per- 
pendicular to the traces of the plane T. By means of the 
H projecting plane S of the line OR, and its line of inter- 
section with the plane T, obtain the piercing point P. 
The length of the line connecting O and P can then be 
obtained by revolving the line about O as a center until it 
is parallel to H whence op x is the length required. 

If the given plane is an end plane, the perpendicular 
distance required is a line parallel to both H and V, and 
hence is projected its true length in the line drawn through 
the projection of the point and perpendicular to the traces 
of the plane. 



* Projectively perpendicular means that the projections on the plane are 
perpendicular. 
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If the given plane is parallel to the O.L., the perpen- 
dicular distance required is a line lying in an end plane, 
hence to find its length project both plane and point upon 
an end plane wheuee the distance between the end pro- 
jection of the point and the end trace of the plane is the 
required distance. 

61. Definitions; — 

From geometry we have by definition:— a line is per- 
pendicular to a plane when it is perpendicular to every line 
in the plane through its foot; or, in other words, all 
of the perpendiculars to a straight line at a given point in 
it lie in a plane perpendicular to the line; therefore, 
while a line, which is perpendicular to a plane, has its 
projections perpendicular respectively to the traces of the 
plane, two lines which are perpendicular to each other 
do not necessarily have their projections perpendicular. 
For by reference to Figure 34, any line in the plane T and 
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passing through the piercing point of the line OR with the 
plane T would be perpendicular to the line OR. Or again, 
any line in the plane T would be parallel to some line 
which could be drawn through the piercing point of the 
line OR with the plane T and this latter line would be 
perpendicular to OR because it lies in a plane perpendic- 
ular to OR. Much confusion is apt to arise upon these 
two points. 

The angle a line makes with a plane is the angle which 
it makes with its projection on that plane. 

The angle between two planes may be defined as the 
plane angle between two lines lying one in each plane, and 
perpendicular to the line of intersection of the planes at a 
common point. These lines are also known as the lines of 
greatest declivity of the one plane with respect to the 
other. 

62. THEOREM VIIL 

If two lines are perpendicular to each other in space 
and one of them is parallel to a coordinate plane of pro- 
jection their projections on that plane are perpendicular to 
each other. 

Proof: — For since one of the lines is parallel to a 
coordinate plane, the projecting plane of any other line 
perpendicular to it will have its trace with the coordinate 
plane perpendicular to the projection of the first line, 
but this trace is the projection upon the coordinate plane 
of the second line, hence the projections of the lines 
upon the one coordinate plane are perpendicular to each 
other. 
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63. To find the angle between two lines which intersect. 
Analysis:— The value of the angle appears when the 
plane of the intersecting lines is either parallel to or is 
coincident with a coordinate plane; hence if the lines are 
oblique to both coordinate planes, revolve the vertex of their 
angle about a trace of the plane of the lines until it lies in 
the coordinate plane of that trace. The traces of the given 
lines are fixed points in the revolution, hence are points in 
the sides of the revolved position of the angle, whence the 
true angle can be obtained. 




d L. 



Figure 85. 

Construction:— Let AB and CD, Figure 35, be two lines 
intersecting in the point O. Find the plane T of the two 
lines. E and F are the respective H traces of the lines 
lying on the H trace of their plane. Revolve the vertex O 
about the H trace of this plane into H. The H traces of 
the lines are fixed points in the revolution since they lie on 
the axis. o l is the revolved position of the vertex and 
eoj or its supplement will be the required angle. 
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If one of the lines is parallel to a coordinate plane, the 
most convenient construction is to revolve the other line 
about it until it is parallel to the same plane, whence the 
angle appears its true value, as projected on that plane. 



64. To draw the projections of any desired division of 
an angle between two lines. 

Analysis:— Find the true value of the angle between the 
two given lines by Section 63. Then draw the revolved 
position of any radial line dividing the angle into desired 
proportional parts. The intersection of this line with the 
cuds of revolution or trace of the plane of the lines is a fixed 
point. Connect this with the projection of the vertex of the 
angle whence the angle is divided in projection. 

65. Through a point \n a given oblique plane to draw 
two lines making a given angle with each other. 

Analysis:— Revolve the given point as the vertex of the 
angle about either trace of the plane until it lies in the 
coordinate plane of that trace. Draw two lines through this 
revolved position of the vertex, to intersect the trace of the 
plane in two fixed points in the sides of the projection of the 
required angle. Connecting these points with the projection 
of the vertex gives one projection of the angle. 



66. To project a line on any oblique plane. 

Analysis: — The projection of a line on a plane is the 
locus of the projections of all points of the line upon that 
plane. Hence take any two points of the line and 
draw perpendiculars to the plane (Theorem VII) and find 
their piercing points (by Section 57). The line joining 
these piercing points will be the projection desired. 
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If the given line pierces the given plane within the 
limits of the drawing it is only necessary to project one 
other point of the line on the plane since the piercing: 
point is one of the desired points in the projection. 




Figure 86. 



Construction:— Let AB, Figure 36, be the line and T 
the plane. From A and B drop perpendiculars AAi and 
BBi , respectively, to the plane T. Find the piercing points 
of these perpendiculars, by using their H projecting plane 
in each case. A x and B t will be the respective piercing 
points whence a' \'b\ is the vertical projection, and a x b Y 
the horizontal projection, of the given line on T. 

If the given plane is perpendicular to either coordinate 
plane, then the trace on that plane to which it is perpen- 
dicular will contain at once the piercing points of the 
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perpendiculars from the points in the given line to the 
plane. 

If the given plane is parallel to the G.L., it is neces- 
sary to use an end plane, for the projecting perpendiculars 
of the line lie in planes perpendicular to the G.L. The 
intersections of perpendiculars from the points on the end 
projection of the line to the end trace of the given plane, 
are the projections of the respective piercing points with 
the plane. 

If the given plane has its traces in the G.L., an end 
plane is also necessary and for similar reasons. 

67. To find the angle a line makes with a given plane. 

Analysis: — Since by definition the desired angle is that 
between the line and its projection on the plane, project the 
given line upon the given plane, then find the value of the 
angle by revolving the line and its projection about either 
trace of their plane with the coordinate plane into the latter, 
whence the true value appears. 

Construction:— Let the line AB and the plane T be 
given as in Figure 37. Find the projection A^ of AB 
on the plane T by Sec. 66. Find the V trace of the plane 
of the lines AB and A t B , . The V trace of AB is C and 
that of A 1 B l is D. Revolve A and Ai about the V trace 
of the plane of AB and AiB, into V. A falls at e' and 
A! falls at e' u Hence the angle required is that between 
e' c' and e\ d' . 

If the given plane is parallel to the G.L. or has its 
traces in the G.L., it is necessary to use an end plane to 
get the projection of the line upon the given plane. 
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Figure 87. 

68. To find the angle between two planes. 

Method No. 1. Analysis : —5^/ definition, if a plane is 
passed perpendicular to their line of intersection, it will cut 
a line from each which is a measure of the angle required. 
Therefore assume a point upon the line of intersection and 
find the traces of a plane perpendicular to the latter and 
containing the point. The points in which either trace of 
this auxiliary plane cuts the corresponding traces of the 
given planes will be points in the sides of the required angle. 
The assumed point on the line of intersection of the planes is 
the vertex of the angle. By revolution into a coordinate 
plane, the true value can be obtained. 

Construction: — Let two planes T and S be given as in 
Figure 38. Assume the point O upon their line of inter- 
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section through which to pass a perpendicular plane. By 
use of a vertical of the plane its H trace, PH is found, and 
from the intersections of PH with the H traces of S and T, 
the points A and B establish the sides of the angle AOB. 
The vertex revolved into H about PH falls at o x whence 
ao ! b is the true value of the angle required. 

To assume the point upon the line of intersection 
through which to pass a perpendicular plane does not 
always bring a trace of the plane upon a convenient part of 
the drawing to construct the angle, hence while this 
method is simple to understand it is not in general the 
best. 

Method No. 2. Analysis:— An auxiliary 'plane that is 
perpendicular to the line of intersection of the two given 
planes and cuts from each plane a line, cuts also a line from 
the projecting plane of the line of intersection which in turn 
pierces the coordinate plane in the trace of the auxiliary 
plane with the latter. Hence a trace of the auxiliary 
plane may be assumed and the piercing point with it found 
of the line of intersection of the two given planes. The 
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remainder of the solution is the same as for Method No. 1 
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Construction: — Let the conditions be given again as 
they were in Figure 38, see Figure 39. Assume the H trace 
of an auxiliary plane P perpendicular to the line of inter- 
section of the planes.* The point q in which this trace 
cuts the H projection of the line of intersection is the H 
projection of the H trace of the line OQ cut from the pro- 
jecting plane of the line of intersection by the auxiliary 
plane. Revolve the line of intersection CD about its H 
projection into H and at q draw a perpendicular to it qo Y . 
O is the piercing point of the line CD with the auxiliary 
plane P and o is its H projection. Whence aob is the pro- 
jection of the angle. By revolving the vertex O into H at 
o a , it is found that ao 2 b is the true value of the angle. 

If both planes are perpendicular to a coordinate plane, 
the angle between their traces on that plane is the angle 
between the planes. 

If one of the planes has its traces in the G.L., or if 

•Its corresponding trace Is not needed in the construction. 
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both planes have their traces in or parallel to the G.L., 
then it is necessary to find their intersection with an end 
plane. In the first case the intersection of the traces of 
both planes on the end plane is a point in the line of inter- 
section of the two planes. In the latter two cases the 
angle between the traces on the end plane is the true angle 
between the planes. 

2/ the traces of both planes intersect each other on the 
G.L.j it is necessary to either use auxiliary planes perpen- 
dicular to a coordinate plane or to pass an auxiliary plane 
parallel to one of the given planes in order to get the pro- 
jections of the line of intersection of the planes. In the 
latter case the projections first obtained are those of a line 
parallel to the line of intersection. 

2/ the angle between any oblique plane and a coordinate 
plane is desired, the auxiliary plane will be perpendic- 
ular to the coordinate plane and hence cut from the 
oblique plane a line of greatest declivity with respect to 
the coordinate plane and from the latter a line of greatest 
declivity with respect to the oblique plane, the angle 
between which is the desired angle. 

69. Given a line in a plane, to draw another plane inter- 
secting the first in the given line and making a given angle 
with the given plane. 

Analysis:— The given line tvill be the line of intersection 
of the two planes, hence to establish the plane angle which 
is given, through any point of the given line pass a plane 
perpendicular to it and note its intersection with the given 
plane. Revolve the line of intersection about a trace of the 
auxiliary perpendicular plane into a coordinate plane and 
construct the angle required. Revolve it back again and 
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the second side of the angle as derived and the given line 
determine the plane desired. 

70. To find the angle between two planes by the method 
of change of coordinate planes. 

Analysis:— If one coordinate plane is taken parallel to 
the line of intersection of the given planes and the corres- 
ponding one perpendicular to it, this line will be projected 
upon the latter coordinate plane as a point and the angle 
between the planes will be projected upon the same plane* 
its true value, being the angle between the traces. 




lN> 



Figure 40. 



Construction: — Let the planes T and S be given as in 
Figure 40. Take a Qt t .L x . parallel to the H projection of 
the line CD, which is the line of intersection of the planes, 
giving c' id' i as the V projection of the line on the Vi 
plane parallel to it ; on this plane also find the V traces of 
T and S by using C as a point in each plane and drawing 
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horizontals of the planes respectively. TiV and SiV are 
the traces so found. Next take a G2.L2. perpendicular to 
the V! projection of CD getting the new H! projection c 2 d 2 
as the projection of the line on this plane. This is also a 
point in the new H traces of the planes T and S. Hence 
the angle between T 2 H and S a H is the true angle 
between the planeg. 
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71. To find the common perpendicular of two non-in- 
tersecting lines. 

Analysis: — If an auxiliary plane is passed through one 
of the lines and parallel to the other the common perpendic- 
ular will be projected on this plane as a point, i.e., the 
point of intersection of the one line and the projection of the 
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other. Hence at this point erect a perpendicular to the 
auxiliary plane to meet the other line. It will be the line 
desired. 

Construction: Let the lines AB and CD be given as 
shown in Fig. 41. Pass a plane through the line CD and 
parallel to AB, (by Sec. 52) using an auxiliary line EF 
parallel to AB and intersecting CD. TH and TV are its 
traces. Project AB on the plane T by using perpendicu- 
lars from A and B to the plane T (by Sec. 66) their piercing 
points are Ai and B! respectively. A x ^ is the projection 
of AB on the plane T. At O, the point of intersection of 
the projections, draw the projections of a perpendicular to 
the plane T. It intersects the line AB in the point P. OP 
is the required perpendicular o'p x ' , is true length of this 
perpendicular. 

Method No. 2, Analysis:— Zfy change of coordinate 
planes, project the lines upon a new V x plane which is parallel 
to one of them and upon a new H y plane perpendicular to the 
same line. The required distance is the perpendicular 
distance between the two lines as projected on U, , one of 
them being projected as a point. 

72. Given one trace of a plane and the angle the plane 
makes with that coordinate plane, to find the other trace. 

Analysis: — If the trace of an auxiliary plane is drawn 
which cuts out the lines of greatest declivity of the coordi- 
nate plane and the given plane with respect to each other, 
its trace will be perpendicular to the given trace and the 
projections of the lines cut out of each plane will coincide 
with it. Hence assume a line of greatest declivity of the 
given plane to be revolved about its projection on the coordi- 
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nate plane, until it lies in the latter. It will then make 
the angle with its projection that the required plane is to 
make with the coordinate plane. Construct this angle and 
find the revolved position of the piercing point with the other 
coordinate plane, of the line of greatest declivity. The true 
projected position of this piercing point is a point in the 
desired trace. 




Figure 42. 

Construction:— Let the trace TH of a plane be given as 
in Fig. 42 and let its required angle with H be 60° , SH is 
the trace of any auxiliary plane perpendicular to both T 
and H. The portion of it, op, coincides with the H projec- 
tion of the line cut from the plane T and also that of the 
line cut from H. Assuming the former to be revolved into 
H, it falls at op lf making an angle of 60° with op. The 
point p ! , being on a perpendicular from op to the line op x , 
is the revolved position of the piercing point of the line of 
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greatest declivity of the plane T with the V plane, hence 
the projection of the piercing point is a distance above 
the G.L. on a perpendicular at p that the point p y is from 
p. TV is the required trace of the plane. 



73. To find the distance from a point to a 

Method No. 1, Analysis:— If a plane is passed through 
the point perpendicular to the line, the distance from the 
given point to the piercing point of the line, with this plane, 
will be the required distance. 

Method No. 2, Analysis:— Pass a plane through the 
point and the line, revolve both about either trace of tlieir 
plane until they lie in the coordinate plane; the perpendicular 
distance between point and line will be projected its true 
length. 

74. Given one trace of a plane and the angle it makes 
with the corresponding plane of projection, to find the 

trace. 



Analysis:— The pla ne will be tangent to a right circular 
cone whose apex is on the given trace with its base in the 
corresponding coordinate plane and axis perpendicular to 
the latter; the elements of this cone will make the same 
angle with the corresponding coordinate plane that the 
required plane makes. Hence assume any point upon the 
given trace and draw the projection of the cone upon that 
coordinate planer it will be an isosceles triangle with base 
in the G.L., and base angles equal to the given angle. 
Draw the corresponding projection of the cone which will 
be a circle. The trace of the required plane upon this cor- 
responding plane will be tangent to this circle. 
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Figure 48. 



Construction:— Let TH be given as in Figure 43 and let 
the required angle with V be 60°. Assume any point on it 
as 0. Draw OP and OQ the contour elements of the pro- 
jection of the cone on H whose base angles are 60°. qp is 
the H projection of the base in V. Draw a circle with o f 
as a center and o'p' as a radius. Tangent to this circle 
draw TV, the required trace. 

Note— The problem could be solved by considering 
only the triangle formed by a plane passed perpendicular 
to V and the plane T. o'o\ is the revolved position of the 
line cut from H and could be drawn from o ' in any direc- 
tion. o'V\ is also the revolved position of the line cut from 
V and will be perpendicular to o ' o ' l# Lastly, the line 
0'i2?'i is the revolved position of the line cut from the 
plane T and can be drawn to make the required angle with 
o'p' i. The required V trace, then, is tangent to a circle of 
radius o'p/ The true revolved position of the triangle is 
when op\ is perpendicular to TV. 
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75. Given the angles a plane makes with both coordinate 
planes to locate its traces. 

Analysis: — The required plane can be considered as 
tangent to a sphere of any radius whose center is in tJie 
G.L. If planes are assumed which are perpendicular to tJie 
given plane and to the coordinate planes respectively, thus 
cutting out lines from each which will be measures of the 
angles tJie required plane makes with the respective coordi- 
nate planes, and if further these planes are passed through 
the center of the sphere they will cut lines respectively from 
the required plane which are tangent to the sphere. There- 
fore the triangles formed by the assumed planes cutting tlie 
required plane and both coordinate planes in each case can 
be assumed separately — dealt with as the one triangle was 
dealt with in Section 72. Observing the fact that the 
revolved position of the lines cut from the required plane in 
each case will be tangent to a circle which is the projection 
of the sphere and have each one vertex at the center of that 
sphere. 

Construction.— Let the required angles of a plane with 
V and H be a and P respectively. See Fig. 44. Draw the 
projections of a sphere with any radius and center at any 
point O. Next draw an assumed revolved position of the 
lines which would be cut from the V plane, the required 
plane and the H plane, by a plane assumed to be perpen- 
dicular to the first two. o ' a ' b y is the triangle made by these 
lines, oa' is the line cut from V, a'b x the line cut from 
the required plane and o'b x the line cut from the H plane. 
by a ' o ' is made equal to a and a ' b Y is drawn tangent to the 
sphere. The V trace of the plane is tangent to a circle 
with radius o'a' and the H trace goes through a point b on 
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a perpendicular to the G.L. at 0, and distant from O equal 
toofe, . Likewise, and constructed similarly, ocd\ is the 
triangle formed by lines cut from the H plane, the required 
plane and the V plane by a plane perpendicular to the first 
two, with the angle 8 as shown. Ocis the line cut from 
H, cd\ , the line cut from the required plane and Od\, the 
line cut from V. The H trace of the required plane is tan- 
gent to a circle of radius oc and the V trace goes through 
the point d\ a distance od' x above H. 



76. Given the angle a line makes with both coordinate 
planes to draw its projections. 

Note:— In this problem the analysis for the general so- 
lution is difficult to follow hence a special solution is added 
after the general form. 

General Analysis: — Consider the line as limited by its 
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traces. Assume either projecting plane of the line to be 
revolved into either coordinate plane about its intersection 
with that coordinate plane. Revolve the other projecting 
plane of the line bodily with it into the same coordinate 
plane and about the line of intersection of the two project- 
ing planes, which is the line itself. The revolved position of 
the line is the hypotenuse of two right angled triangles, 
an angle of each of which being oppositely directed, is the 
respective angle the line makes with the coordinate planes. 



ific Analysis:— Assume a line limited by its V and 
H traces. Bevolve the H projecting plane, bounded by the 
line, its H projection and the V trace of the projecting plane, 
into V; next revolve the V projecting plane of the line 
bounded by the line, its V projection and the H trace of the 
projecting plane, into V about the revolved position of the 
line when it lies in V. In the first triangle, the angle 
between the G.L. and the revolved position of the line is the 
angle with H. Opposite to that, with the revolved position 
of the line as a side, is the angle the line makes with V, 
from which, by completing the triangle, the distance of its 
H trace from the G.L. can be found. Next revolve back 
into proper projective position the first triangle, to do which 
the H trace must be located at the distance from the G.L. 
which it is found to be from the revolved position of the 
second triangle. 

Construction: Assume oa'b x , Fig. 45, to be the re- 
volved position of the H projecting plane of a line of 
which a ' b x is the line itself. On the latter as an axis , 
assume the V projecting plane to be revolved into V. The 
perpendicular distance of c' x from a' b x is the revolved pos- 
ition of the distance of the H trace from the V plane, i. e. 
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Figure 45. 

from the G. L. Next, lay off the distance c\ b t on H from 
the G. L. and draw a horizontal line. Where an arc of a 
circle, with radius ab x and center at a cuts this horizontal 
in 6, is the H projection of the H trace of the line and ab is 
the H projection of the required line. The V projection is 
b'a'. 



77. To draw a regular pyramid of given base and altitude 
with its base in a given oblique plane. 

Analysis:— (1 J Assume the base as revolved about 
either trace of the given plane until it lies in the coordinate 
plane of that trace, where it can be drawn its true shape. 
Revolve it back again into the given plane by any convenient 
method. Next, to find the projections of the apex of the 
pyramid, draw a perpendicular to the plane at the center of 
the base, and by any convenient method, get tlie projected 
distance laid off on this perpendicular, i.e., the projection 
of the altitude of the pyramid. The apex connected with 
the corners of the base completes the pyramid. 

Analysis:— (2 J Assume the pyramid to be projected 
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upon a plane perpendicular to that of the base, i.e., parallel 
to the axis. Assume this projection as revolved about the 
trace of its plane with the coordinate plane until it lies in 
the latter. Here the axis will appear its true length, since 
it lies in the coordinate plane the base will be projected as a 
straight line. By revolving, next, the base about its inter- 
section with the coordinate plane into the latter, its true 
shape will appear and the relative position of its vertices be 
ascertained. By counter revolution the projection of the 
pyramid may be constructed. 

Construction:— According to Analysis 2. Let a hexa- 
gonal pyramid with diameter of base of 2 inches and 
altitude 2 f inches, have its base in any oblique plane T, 
see Figure 46, and an edge of the base lying in H. 
Assume the pyramid to be projected on any plane S per- 
pendicular to H and to T. The line ab x , is the revolved 
projection of the base on S, being also the revolved posi- 
tion of the line cut from T by S and p x is the apex also 
revolved into H. Next assume the base of the pyramid to 
be revolved about ab x , as a diameter, giving \ X ,2 X , 3 x , 
etc., as the vertices of the base l n , 2 n , 3 lt , etc., are the 
true projected positions of the vertices on the plane S when 
the latter is revolved into H. The horizontal distances of 
the vertices from the diameter are constant, hence the 
edge of base in H can be assumed anywhere and by 
counter revolution the vertices 1,2,3, etc., found. The 
vertical projection of the pyramid is obtained by noting 
that the distances of points above the G.L. are respectively 
equal to the distances of the vertices 1 x , 2 x , 3 x , etc., above 
SH. 

It is to be noted that the method just described is 
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really that of a change of coordinate planes where SH is 
the G.L. of a new V! plane parallel to the axis of the 
pyramid. 



78. To draw a circle through any three given points. 

Analysis: — The three points are the extremities of chords 
of the circle passing through them. Hence find the plane of 
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the three points; revolve them about either trace of their 
plane into the coordinate plane and draw the circle passing 
through them. Revolve the circle into its true projective 
position by any convenient method. 

Note— A convenient method is to use parallel chords 
perpendicular to the trace of the plane about which the 
three points are revolved. 







>fcv/ 




>\ 



Figure 47. 
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Construction:— Let the three points A, B and C be 
given as in Figure 47. The traces of their plane are TH 
and TV respectively. Revolve the points about the H 
trace of their plane into H to fall at a, , &j and c x , respect- 
ively, whereupon the circle passing through them may 
be constructed. 

To revolve the circle back into its true projective 
position, the following method may be employed. Pass a 
series of auxiliary planes Q, R, S, etc., perpendicular to the 
H plane and the plane T to cut the circle lying in the latter 
plane, each in two points. The lines of intersection of 
these several planes with T, will pass through these points, 
respectively; further, the points revolved into H about TH, 
will lie on a perpendicular to TH as shown. By counter 
revolution these may be located on the respective lines of 
intersection of the auxiliary planes with T. 



79- Through a given point, to draw a line making a 
given angle with a given oblique plane. 

Analysis: — The locus of the lines which can be drawn 
from the given point to the given plane, making a certain 
angle with it, form the elements of a right circular cone 
whose base is in the plane and whose apex is the point. 
Therefore draw the cone with elements at the required angle 
with the base by a similar method to that for the hexagonal 
pyramid in Section 77. Choosing any one element, revolve 
it back into true projective position. The construction is 
left to the student. 

80. Through a given line, to pass a plane perpendicular 
to a given plane. 

Analysis:— The required plane must contain a per per.- 



80 DESCRIPTIVE GEOMETRY 

dicular to the given plane, hence, through any point of the 
given line, draw a perpendicular to the given plane. The 
plane of the two lines is the plane required. The construc- 
tion is left to the student. 

81. LociL 

When a point moves so as to satisfy a given condition 
or conditions, the path it traces is called its locus under 
these conditions. 

As an example, the parabola is the locus of a point 
moving in a plane according to the conditions of the equa- 
tion y*=Apx. This may be defined, in graphical terms, 
as the locus of a point which moves in a plane so that its 
distance from a fixed line is equal to its distance from a 
fixed point. The line is known as the directrix, and the 
point as the focus of the parabola. The ratio of the two 
distances is, in mathematics, called the eccentricity (e) ; for 
the parabola, it is equal to unity. It has different values 
for the different conies. 

The ellipse is the locus of a point, which moves in a 
plane, so that the ratio of its distance from a fixed line to 

its distance from a fixed point is greater than unity, in 

x* v* 
other words satisfies the equation — + -fi = 1. 

a o 

The hyperbola is the locus of a point which moves in a 
plane, so that the ratio of its distance from a fixed line to 

its distance from a fixed point is less than unity, in other 

x* v* 
words satisfies the equation -^ — -, * = 1. 

a 

TJie circle, defined in the same terms, is the locus of a 
point, which moves in a plane, so that the ratio of its 
distance from a fixed line to its distance from a fixed 
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point is equal to infinity. In more generally understood 
language, it is the locus of a point, which moves in a plane, 
so as to be equally distant from a fixed point. Graphical 
locii are a legitimate part of descriptive geometry. 

82. To draw the locus of points equally distant from two 
given planes. 

Analysis:— The locus of points equally distant from two 
straight lines in a plane is the bisector of the angle between 
the two lines, hence the locus of points equally distant from 
two planes, each containing one of the lines, is the plane 
bisector of the dihedral angle between the two planes. 
Therefore find the angle between the two planes, bisect it 
and pass a plane through the bisector and the line of inter- 
section of the planes. This plane will be the required locus. 

83. To draw the locus of points in space equi-distant 
from three given points. 

Analysis: - The locus of points in space, equally distant 
from two points, is a plane perpendicular to and bisecting 
the straight line connecting the two points. Hence the locus 
of points, equally distant from three points, will be the 
common line of intersection of three such planes. Therefore 
find the plane of the three points and by revolving them 
about either trace of their plane find the perpendicular 
bisectors of the lines connecting the points; these will meet 
in a point which is the center of the circle passing through 
the three points. Find the true projective position of this 
point in the plane. Through it draw a line perpendicular 
to the plane of the points which will be the locus required. 
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REVIEW QUESTIONS 

If two lines are parallel in space, are their projections 
parallel f 

If two lines are perpendicular to each other in space, 
are their projections perpendicular? 

If two planes are parallel to each other in space, are 
their respective traces parallel f 

If two planes are perpendicular in space, are their 
respective traces perpendicular to each other f 

If a line is parallel to a plane, are its projections 
parallel respectively to the traces of the plane f 

If a line is perpendicular to a plane, are its projections, 
respectively perpendicular to the traces of the plane 1 

What is the locus of points equi-distant f rom a given 
straight line 1 

What is the locus of lines which make a constant 
angle with a straight line at a common point in it ? 

What is the locus of points in space equi-distant from 
a fixed point ? 

What is the locus of points in space equi-distant from 
two intersecting lines 1 



CHAPTER IV. 



GENERATION AND CLASSIFICATION OF LINES 

AND SURFACES. 



84. A line is mathematically the path of a moving point 

under fixed conditions, i.e., the locus of the point under 
those conditions ; it may also be an element of a surface 
which latter also has a mathematical interpretation as the 
path traced by a moving line under certain conditions. 

A line may also be defined, according to various 
properties of the line, one of which, for example, is the 
intersection of two surfaces or solids. 

A straight line, or right line, is the path of a point 
which moves in a fixed direction, or again, the intersection 
of two planes. 

Any two consecutive positions of a moving point, 
being infinitely close, may be regarded as the extremities 
of an infinitesimal element of the path traced, or an 
elementary line of it, and in going from the one position to 
the next, no matter what the ultimate direction of the 
path, the elementary path traced is straight. 

All lines may be grouped into three classes according 
to the law governing the motion of the generating point. 
(1.) Right lines. (2.) Single curved lines. (3.) Double 
curved lines. 
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If a point moves in a fixed direction, the path 
generated is a straight line. 

If a point moves in a constantly changing direction 
the path is a curve; whether it be a curve of single curva- 
ture or a curve of double curvature depends upon the 
following conditions: 

If any four consecutive points, that is, points in the 
curve infinitely near to each other, or any three con- 
secutive elements, that is, right lines connecting the 
consecutive points as defined, lie in the same plane, then 
all the points of the path lie in the same plane and the 
curve is a curve of single curvature, i.e., a plane curve. 

If no four consecutive points nor any three consecutive 
elements, passing through the four points, lie in the same 
plane then the curve is a curve of double curvature, i.e., 
it is not a plane curve. 

A curve of any kind may be further considered as gen- 
erated by the motion of a line intersecting itself in succes- 
sive positions in which case the curve is known as the en- 
velope of the successive positions of the line. 

For example, if two intersecting lines as in Figure 48, 
are divided into a number of equal parts and the division 
on one farthest from the vertex is joined to the first 
division from the vertex on the other and so on until all 
the divisions are connected by lines, it will be seen that 
these lines are tangent to a curve. This curve is the 
parabola and is the envelope of its tangents. 

A curve of double curvature may be considered as 
generated by the motion of a plane whose successive 
positions intersect each other in lines which constitute suc- 
cessive elements of the curve. For example, just previously 
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it was stated that if no four consecutive points, or three con- 
secutive elements connecting these points, lie in the same 
plane the carve is a curve of double curvature. Conceive 
any four such points connected by elements, one through 
points 1 and 2, another through 2 and 3 and a third 
through 3 and 4. A plane can be passed through the first 
and second elements, and another through the second and 
third, but the two planes will intersect each other in the 
second element, i.e., 2 and 3 and this is an element of the 
curve also; in like manner the successive planes will inter- 
sect each other two and two in successive elements of the 
curve. 

To sum up the classification of lines and give illustra- 
tive examples of them, however by no means complete, 
the following table is appended:— 

85. Table of classification of lines. 
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OUi UellllluOIlS* 

The conies have been defined as the loeii of moving 
points. They are also known from their properties as 
sections of a cone. 

A circle is the section of a right circular cone made by 
a plane perpendicular to its axis. 

An ellipse is the section of a right circular cone made 
by a plane at a greater angle to the axis than that made by 
the elements of the cone. 

A parabola is the section of a right circular cone made 
by a plane at an angle to the axis equal to that made by 
the elements of the cone. 

A hyperbola is the section of a right circular cone made 
by a plane at an angle to the axis less than that made by 
the elements of the cone. 

* The roulettes are a class of curves traced by a point 
upon one curve when it rolls upon another curve. The 
cycloid, as generally understood, is the path traced by a 
point on a circle, when it rolls upon a straight line, hence 
belongs to the roulettes. 

When both the rolling and fixed curves are circles, the 
paths traced are called trochoids. The epicycloid is the 
path traced by a point, on a circle which rolls upon the out- 
side of another circle. The hypocycloid is the path traced 
by a point on a circle which rolls upon the inside of another 
circle. 

The rolling circle is called the generatrix and the fixed 

circle the directrix. 

The helix is defined as a curve traced by a point which 

moves at a uniform rate around a cylinder or cone, and at 



•From F. N. Wlllaon's classification in 'Theoretical and Practical Graphics.' 
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the same time at a uniform rate in a direction parallel to 
the axis of the cylinder or cone. It is also defined as the 
shortest line that can be drawn upon a cylinder or cone, 
between two points, which lie neither upon the same right 
section or upon the same right line element. The term 
cylinder is not limited. The shortest line which could be 
drawn in such a manner upon a cone would be known as a 
conical helix. 

The projection of a conical helix upon the base of the 
cone, when it is a right circular cone, is the archimedian 
spiral mentioned at the head of the list of spirals. 

87. Every surface can be generated by the motion of a 
line; the line may be straight or curved. 

All surfaces may be classified as ruled or double 
curved. A ruled surface is generated by the motion of a 
straight line. A double curved surface is generated only 
by the motion of a curve. 

Ruled surfaces are further divided into three classes, 
according to the law of motion of the generating line: 
1. Planes, 2. Single curved surfaces, 3. Warped surfaces. 

A plane is unique and may be defined as generated by 
a straight line moving so that it touches another straight 
line and has its successive positions parallel one to another, 

A single curved surface is defined as generated by a 
straight line moving so that any two but no three of its 
consective positions are in the same plane. These surfaces 
are further divided into three groupes, according to the 
way in which the elements intersect each other; the cyl- 
inders, in which a common point of intersection of the 
successive elements is at infinity; the cones, in which a 
common point of intersection of the successive elements is. 
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in a finite position; the convolutes, in which the elements 
intersect two and two, no three intersecting in a common 
point. These latter are formed by a line moving so that it 
is tangent to a curve of double curvature. 

A notable characteristic of these surfaces, in distinc- 
tion to warped surfaces and to double curved surfaces, is 
that they can be developed, that is they can be unrolled 
and laid out flat, for the plane of any two consecutive 
elements can be rolled upon one of the elements until it 
coincides with the plane formed by this element and the 
next consecutive element. 

Warped surfaces are generated by a straight line mov- 
ing so that no two of its successive positions intersect each 
other. The motion of the line may be controlled in several 
ways and an infinite variety of warped surfaces obtained. 
This class of surfaces will be discussed more fully a little 
later.* 

The warped surfaces are distinguished from the single 
curved surfaces and are like the double curved surfaces in 
that they cannot be developed, for they do not consist of a 
succession of intersecting planes. 

Double curved surfaces are generated only by the mo- 
tion of curves and have no straight line elements. The 
most familiar double curved surfaces are those which are 
also surfaces of revolution, shortly to be defined, namely, 
the sphere, ellipsoid of revolution, paraboloid of revolution, 
torus, etc. 

Surfaces of revolution are generated by the revolution 
of one line, curved or straight, about a straight line as an 



*A warped surface may also be generated by the motion of a carve which, 
changes Its shape according to a certain law. 
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axis. This class does not belong to any one alone of the 
groups before mentioned, but it partakes of their proper- 
ties. For example, if a right line revolves about another line, 
to which it is parallel, it will generate a cylinder, which 
is both a single curved surface and one of revolution. If 
a right line revolves about another line which it does not 
intersect it will generate what is known as a hyperboloid of 
revolution, which is both a surface of revolution and a 
warped surface. The latter is the only surface which has 
both of these characteristics. This particular surface may 
also be generated by the revolution of an hyperbola about 
its transverse axis. If a carve is revolved about a straight 
line as an axis it will, with the exception above mentioned, 
generate a double curved surface of revolution as the 
sphere, the ellipsoid of revolution, the paraboloid of rev- 
olution, hyperboloid of revolution, etc. 

In fact surfaces of revolution may be classified under 
ruled surfaces and double curved. Under the ruled, come 
only the cylinders and cones, and the hyperboloid of revo- 
lution, the two former being single curved surfaces, the 
latter warped. Under double curved, come all those gen- 
erated by the revolution of a curve, an infinite number, 
varying according to the shape of the curve. 

To sum up the general classification, first, of surfaces 
as a whole, then of surfaces of revolution, giving illustra- 
tive examples, not complete however in all cases, the 
following tables are appended : 
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88. Table of Classification of Surfaces. 

Planes 



[Ruled 



Surfaces, 



(Cylinder 
Cones 
Convolutes 



Warped, in- 
cluding one 
surface of 
revolution 



Hyperbolic 

paraboloid 
Right conoid 
Oblique conoid 
Helicoid 
Hyperboloid of 
revolution, etc. 



Double curved 
including sur- 
faces of revo- 
lution 



Variable ellipsoid 
Variable paraboloid, etc. 



89. Table of 



Surfaces 

of 
Revolution 



Ruled 



of Surfaces of Revolution. 

Single [Right circular cylinder 
curved! Right circular cone 



Warped j Hyperboloid of revolution 



f Sphere 
Ellipsoid 
> Double curved \ Paraboloid 

Hyperboloid 
. Torus, etc, 



90. The method of generation of particular surfaces is 

not limited to that which has just been described. For 
illustration a cone may be generated by a right line pass- 
ing through a fixed point and moving so as to touch a 
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curve. Or again by the motion of a plane curve which 
changes its shape according to a certain law so that all of 
its points describe rectilinear paths meeting in a common 
point. 

Although the double curved surfaces, with which we 
are familiar, are also surfaces of revolution, still among 
the infinite forms of such surfaces which are not, are several 
notable ones, for example the ellipsoid of unequal axes, 
i.e., a surface formed by the motion of a variable ellipse 
about one of its axes such that its points describe elliptical 
paths whose centers are in the axis, and also the variable 
paraboloid similarly formed by a variable parabola moving 
about its axis, each point describing an elliptical path 
whose center is in the axis. In these forms, sections 
perpendicular to the fixed line or axis are ellipses. 

91. A curve is projected by projecting points in the 
curve. All curves whether of single or double curvature 
are projected as curves of single curvature because all 
their points lie in the coordinate planes respectively. A 
curve may be indeterminate like a straight line, when its 
plane is perpendicular to both coordinate planes. If a 
curve is projected upon a plane, to which it is parallel, it 
will be a parallel, and equal curve. The traces of a curve 
are determined in the same manner as those of a straight 
line. 

92. THEOREM DC 

Two projections of a curve being given, the curve will, 
in general, be completely determined. 

—For, if at the horizontal projection of any point 
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on the curve, a perpendicular is erected, to the H plane it 
will contain a point of the curve and similarly if at the 
vertical projection of the same point, a perpendicular is 
erected to the V plane it will contain the same point of 
the curve, hence the point, being common to two lines, 
must lie at their intersection, and so for any other point 
of the curve. 

93. One line is tangent to another when it has at least 
two consecutive points in common with it. 

Assume a secant to any curve, which cuts it in two 
points, to be moved, by rotation or translation, until these 
two points of intersection approach one another and 
become coincident points ; the secant approaches tangency 
and become such when the two points become coincident. 

A secant may, in some cases, be moved until more 
than two points become coincident. This may be illus- 
trated by a secant which cuts a curve, having a point of 
inflection, between the points common to it and the 
secant. Further, a straight line, may be tangent to a 
curve at two or more consecutive points, and also tangent 
elsewhere at two or more other consecutive points or cut 
the curve again in one or more points. 

In analystic geometry, the degree of the equation to 
any curve, is an index of the maximum number of points 
in which a straight line may cut the curve. Of course, 
some points may be imaginary. 

If a curve and a straight line continually approach one 
another, but do not meet, they have a point in common ; 
i.e., are tangent at infinity. In this case, the straight 
line is said to be an asymptote to the curve or they are 
asymptotic to each other. 
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Two curves are tangent to each other when they have 
at least two points in common or, at a pair of common 
consecutive points, they have a common tangent. 

If a right line is tangent to a curve of single cwrvar 
ture 9 it will be contained within the plane of the curve, for 
by definition of a curve of single curvature, if two consecu- 
tive points be connected by a straight line, these points 
lying in the plane, the straight line connecting them lies 
wholly in the plane. 

If a right line is tangent to another right line it 
coincides with it. 

94. THEOREM X. 

If two lines are tangent in space their projections on 
the same plane are tangent to each other. 

Proof:— For the two or more consecutive points in 
which the lines are tangent to each other are projected 
as consecutive points of the projection of both lines, 
hence fulfill the conditions of a tangent to both lines. 

The converse of this is not true unless the consecutive 
points in projection are the projections of the same points 
of each line. 

Although analytically a tangent touches a curve in 
two or more points, it is customary to speak of the 'point 
of tangency.' 

95. A normal to a curve is a line normal to the tangent 
to the curve at the point of tangency. 

An infinite number of perpendiculars can be drawn to 

a line at a given point constituting a perpendicular plane at 



LINES AND SURFACES CLASSIFIED 95 

the point, hence a plane perpendicular to a tangent to a 
curve at the point of tangency will contain the normals 
which can be drawn to the curve at that particular point. 
But the normal to a curve of single curvature is generally 
understood to mean that normal which lies in the plane of 
the tangent and the curve, and will be so spoken of in this 
book. 

If a curve of single curvature is rolled upon its tangent 
until a given linear distance upon it comes successively 
into contact with the tangent, the curve is said to be 
rectified. 

96. To draw a tangent to an* irregular plane curve at a 
point on the curve* 




Figure 49. 

Let the curve be given as in Fig. 49, and the point of 
tangency P. Draw a series of chords to the curve through 
P, then with P as a center and any radius draw an arc of 
an auxiliary circle to cut these cords. Lay off the length 
of each chord, (i.e., the distance from P to the curve) 
upon the chord produced and measuring from, and on the 
same side of, the auxiliary circle that the chord lies with re- 
spect to the point P. Through these points draw a smooth 
curve. Where it intersects the auxiliary circle will be a 
point in the tangent. 



96 
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97. To find the approximate point of tangency of an 
irregular plane curve and its tangent. 




Figure so. 



Let the curve and its tangent be given as in Fig. 50. 
Draw a series of chords of the curve parallel to the given 
tangent. At the intersection of these chords, respectively, 
with the curve, erect perpendiculars to the chords and lay 
off upon them, respectively, distances measured in opposite 
directions equal in length to the chords terminating in the 
perpendiculars. Draw a smooth curve through the points 
located and it will intersect the given curve in the point of 
tangency. 

The two preceding constructions are now and then 
useful, but ordinarily a tangent to a curve can be drawn 
with all necessary accuracy, in the first example, by plac- 
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ing a straight edge to touch the point and the curve, and in 
the second example the point of tangency can be estimated 
well enough for all practical purposes, in those cases where 
the curve does not closely approach the straight line tan- 
gent in direction. 

98. A tangent plane to a surface is the limit approached 
by a secant plane when three points of the curve of inter- 
section of the plane with the surface, which do not lie in 
the same straight line, become coincident. 

A tangent plane may otherwise be defined as such that, 
if any other and secant plane be passed to cut the surface, 
it will cut a line from the surface and a line from the tan- 
gent plane which are tangent to each other, hence the tan- 
gent plane at a point is the locus of the tangents to plane 
curves which may be drawn on the surface through the 
point. 

For this we may derive a general rule for passing a 
plane tangent to a surface at a given point. 

Rule:— Through the given point conceive two secant planes 
to be passed to cut the surface in at least two plane curves. 
Draw tangents to these at the given point and the plane of 
the tangents will be the plane required. 

A right line is normal to a surface, at a given point, 
when it is perpendicular to the tangent plane at that point. 

A plane is normal to a surface at a given point, when it 
contains a line normal to the surface at the point. Hence, 
while there can be but one normal line, there can be an in- 
finite number of normal planes at a given point on a sur- 
face. 



CHAPTER V. 



SINGLE CURVED SURFACES. 

99. THEOREM XL 

A plane which contains two consecutive rectilinear 
elements of a single curved surface will be tangent to the 
surface throughout these elements,* and conversely, if a 
plane is tangent to a single curved surface, it will contain 
at least two consecutive rectilinear elements of the surface. 



fc— For, if through any point of one element, a 
secant plane is passed, it will cut a curve from the 
surface having consecutive points common to both ele- 
ments. A line connecting these points will (by Sec. 93) 
lie in the plane of the curve of the section and (by Sec. 
98) in the tangent plane. Hence the given plane will be 
tangent at the assumed point or all along the element 
which is the locus of the assumed points. 

100. A cylinder is defined as a single curved surface 
generated by a line which moves so that its successive 
positions are parallel, and touch a curve. In the most 
common interpretation, the curve is a plane curve. 



* While the words, 'these elements' are used, It Is understood that the 
common conception of ' an element of tangency ' prevails. 
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The curve of intersection with a cylinder, of a plane 
perpendicular to the generatrix or to the axis of the 
cylinder, is that which gives the cylinder it characteristic 
name as elliptical, hyperbolic, parabolic cylinder, etc.* 

A cylinder may also be called an oblique cylinder, 
when considered merely in reference to a section oblique 
to the generatrix, and then the name of the cylinder is 
commonly derived from the shape of the oblique section. 

Any secant plane of a cylinder, making a greater angle 
than zero degrees with the elements, may be considered as 
a base of the cylinder and may also give it its characteristic 
name. It is customary to call the curves of section, of two 
parallel secant planes, 'the bases' of the cylinder. 

A right cylinder is one whose base or bases are perpen- 
dicular to the axis or elements. 

A right cylinder with a circular base is also called a 
cylinder of revolution since it may be generated by one 
line revolving about another to which it is parallel. 

Let Fig. 51, page 100, be a cylinder with circular base 
in H and another base parallel to H with elements oblique 
to the plane of the base. This cylinder is called an el- 
liptical cylinder according to the generic definition just 
given, since a section perpendicular to the axis would be 
an ellipse. It may be called an oblique circular cylinder, 
when referred to its oblique bases. 

lOl. To assume a point on any single curved surface, 

assume one projection and draw the projection of an ele- 
ment through the point. The points in which this element 



* The axis goes through the center, focus or other characteristic point of the 
curve and is parallel to the generatrix. Such a point may be a point of changing 
curvature of the curve of tangents, the cusp in a cuspidal curve, etc. 
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Figure 61 



cuts the curve or curves of the bases give points in the 
corresponding projection of the element; and the cor- 
responding projection, of the required point lies on the cor- 
responding projection of the element through the point. 
An element of a single curved surface may be assumed in 
like manner. 

For example, let p ' be assumed on the cylinder in Fig. 
51. Draw the V projection of an element CD through the 
point p'. Get the H projection of this element, and 
through p' erect a perpendicular to the G.L. to cut the H 
projection of the element CD in the point p which is the 
corresponding projection of the point required. 

Note that p ' would stand for two points upon the sur- 
face of the cylinder, for through the point P a perpendic- 
ular can be drawn to the V plane and it would pierce the 
surface in two points, p, being the other H projection of 
the point corresponding to p ' . 
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102. To draw a tangent plane to a cylinder through fuiy 
point on the surface. 

Analysis — The required plane will contain the tangents 
to curves of section of the surface, but an element of contact 
may be taken as one line in the tangent plane, a tangent to 
the curve of intersection of the surface, with a coordinate 
plane, may be taken as the other line, but the latter is a 
trace of the plane since it lies in the coordinate plane. 
Hence, draw an element of the surface through the given 
point and where this element cuts the coordinate plane, in 
the curve of the base, draw a tangent to the base. The plane 
of these two lines is the required plane. 

If the plane of the base does not lie in a coordinate 
plane, draw a tangent to the curve of the base at the point 
of intersection, with it, of the element of contact. This, 
and the element *of contact, are two lines of the required 
plane. The traces of the latter go through the corres- 
ponding traces of these lines. 

Construction— Let the cylinder be given as in Fig. 51 
and the given point P. Draw the element DC through P 
and at c, the H trace of DC, draw a tangent to the curve of 
the base. It is the H trace of the required plane. With 
the H trace and P as a point in the plane, find the V trace 
by means of a horizontal of the plane. 

1/ the axis of the cylinder is perpendicular to one co- 
ordinate plane, the trace of the tangent plane upon the cor- 
responding plane of projection would be perpendicular to 
the G.L. 

If the axis of the cylinder is parallel and its bases per- 
pendicular to both coordinate planes, it is necessary to use 
an end projection to get the points of intersection of the 
elements with the curves of the bases. 
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103. To pass a plane tangent to a cylinder through a 
point outside* 

Analysis:— If an auociliary line is drawn through the 
given point, parallel to tlie elements of the cylinder, this line 
will lie in the tangent plane through the point. The plane 
of this line and the element of contact of the tangent plane 
mil be the required plane. But the secant plane of the base 
will cut the tangent plane in a line, which is tangent to 
the curve of the base, and the secant plane intersects the 
auxiliary line drawn through the given point parallel to the 
elements of the surface. Therefore, find the intersection ot 
the auxiliary line with the plane of the base, and draw 
through this point a line tangent to the curve of the base. 
The plane of these two lines is the required plane. Tliere 
can, in general, be two such planes as two tangents can, in 
general, be drawn to the curve of the base front a given 
point outside. 

Construction:— Let the cylinder be given as in Fig. 52 
in which the plane of a base is in V and its center in the 
GLL. Let P be the given point. 

Draw an auxiliary line PQ through the point P inter- 
secting the plane of the base in Q. Q is one point in a 
tangent to the curve of the base, the point of tangency 
being C. QC is a line of the required plane and since it 
lies in V also, is the V trace of the required plane T. CD, 
an element of the cylinder through C, is another line of 
the tangent plane. Using the V trace and P, a point in 
the plane, a vertical of the plane locates a point in the H 
trace. 

In this problem also a second tangent plane R may be 
drawn. 
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Figure 62. 



104. To draw a tangent plane to a cylinder and parallel 
to a line outside the cylinder. 

Analysis: — The required tangent plane must contain a 
line parallel to the given line, and similarly, if a plane is 
passed through the given line and parallel to the elements of 
the cylinder it will be parallel to the required plane. Hence 
draw a line parallel to the elements of the cylinder to inter- 
sect the given line. The plane of these two lines is parallel 
to the required plane. 

To draw a parallel plane tangent to the cylinder, pro- 
duce the elements of the cylinder, if necessary, to intersect a 
coordinate plane, giving the curve of intersection with the 
latter. Tangent to this curve and parallel to the similar 
trace of the auxiliary plane, draw the trace of the required 
plane, from which the corresponding trace may be obtained. 

If the axis of the cylinder is parallel to the GLL. and 
the bases perpendicular to it, an end plane will have to be 
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used to get the traces of the auxiliary and the parallel 
tangent planes. 




Figure 58. 



Construction: — Let the cylinder be given as in Figure 
53, with bases parallel to V and centers of bases at A and 
B respectively; and let the given line be KM. Through 
any point of KM, as M, draw a line MNO, parallel to the 
elements of the cylinder. Through its traces, and those of 
the line KM, draw the traces of their plane T. Prolong 
the elements of the cylinder and the axis to pierce the V 
plane, the latter in the point C. Since the base, with 
center" at A, is parallel to V, the intersection of the 
cylinder with V will be also a circle, with center at C. 
Tangent to the circle of the base in V, draw the V trace of 
a tangent plane U parallel to T. By means of the H trace 
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of the element of contact of this tangent plane, draw the H 
trace of the plane U parallel to that of the plane T. Two 
tangent planes can be drawn to fulfill the conditions. 

A plane cannot be drawn tangent to a cylinder, and to 
contain a given line outside, unless that line, prolonged, is 
tangent to the surface at a finite or infinitely distant point. 

In locating the traces of tangent planes, and in finding 
the second trace when one trace has been found, the 
several methods may be used which have already been 
studied in the fundamental problems. (1.) A point in 
the plane can be taken, and a horizontal, a vertical, or any 
other auxiliary line drawn through the point to lie in the 
plane. (2.) Any line, known to be in the required plane, 
can, by its traces, locate the trace of the desired plane. 

If the traces of the required plane do not intersect the 
G. L. within the limits of the drawing, it will be generally 
necessary to find the traces of two lines in the plane, un- 
less the required plane is parallel to some other given or 
derived plane. Otherwise, the trace of only one auxiliary 
line need be obtained. 

If the axis of the cylinder is parallel to a coordinate 
plane, the trace of a tangent plane, upon that coordinate 
plane, will be parallel to that projection of the elements of 
the cylinder. 

105. To pass a plane normal to a cylinder through a 
point on the surface. 

Analysis:— The normal plane will be perpendicular to 
the tangent plane at the point, i.e., contain a perpendicular 
to the tangent plane through the given point. Hence find 
the tangent plane, (by Section 102), and, through the 
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latter , draw a perpendicular to this plane. Any plane, to 
contain this line, will satisfy the conditions. 

106. To pass a plane normal to a cylinder through a 
point outside the cylinder. 

Analysis: — The normal plane will be perpendicular to 
the tangent plane and contain the point, i.e., contain a per- 
pendicular to the tangent plane and passing through the 
point. Hence, find the tangent plane, to the cylinder, 
through the given point, (by Section 103), and then draw a 
perpendicular to this plane, through the point. Any plane 
passed through this perpendicular, will satisfy the condi- 
tions 

107. To pass a plane normal to a cylinder and parallel 
to a given line. 

Analysis:— The normal plane will be perpendicular to 
the tangent plane, which, in turn, is parallel to the given 
line. Hence, find the tangent plane to the cylinder, parallel 
to the given line, (by Section 104.) At any point of the 
tangent plane, erect a perpendicular, and, through, any 
point of this perpendicular, draw a line parallel to the given 
line. The plane of these two lines is the required plane. 

108. To draw a plane normal to a cylinder, through a 
given point on the cylinder, and parallel to a given line. 

Analysis: — The normal plane will be perpendicular to 
that tangent plane which, in turn, is parallel to the given 
line. Hence, find the tangent plane to the cylinder which 
is parallel to the given line. Through the given point on 
the cylinder, draw a perpendicular to this tangent plane, 
then through any point on this perpendicular, draw a line 
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parallel to the given line. The plane of these two lines is 
the required plane. 

109. The elements of contour of a solid are determined 
by the lines of tangency of planes respectively perpendic- 
ular to the coordinate planes, and these planes go to make 
up the projecting cylinder of the solid, on the respective 
coordinate planes. In the case of cylinders and cones, the 
contour is partly made up of the projections of elements. 

It can be seen that the contour elements of the vertical 
projection, will not be identical with those of the H project- 
ion and, therefore, each set of elements of contour has its 
corresponding projections which do not coincide with 
that of the other. 

1 10. The curve of intersection of a plane and a surface 

is found by plotting the points of intersection of lines, 
lying respectively in each. And, for this purpose, the 
following general rule is given to cover all kinds of 
surfaces : 

Rule: — To find the curve of intersection of a plane and a 
surface, pass a series of auxiliary secant planes, so chosen 
as to cut straight line elements, circular section or such lines 
from the solid as may easily be drawn in projection; these 
secant planes will cut right lines from the intersecting plane 
surface, the intersections, of which, with the elements or lines 
cut from the surface by the secant planes, will give points in 
the curve of the section. 

In single curved surfaces, and warped surfaces, it is 
always posssible to cut out straight line elements, although 
these may not in all cases be the most convenient kind of 
lines to cut. 
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Rule:— To find the piercing point of a line with a 
surface, pass any convenient plane through the line to cut 
the surface, Find the curve of intersection of this plane 
and the surface. The required piercing point will lie at 
the intersection of the given line and the curve cut from the 
surface. The line may pierce the surface in more than 
one point. 

111. The development of a surface of single curvature is 

the area of contact of the surface, when it is rolled at one 
of its elements upon a tangent plane to that element until 
the planes of the consective elements come successively 
into contact with the tangent plane. Only surfaces of 
single curvature and polyhedrons can be developed, in the 
true sense of the word, although any surface is capable of a 
more or less close approximation to development, when it 
has to be constructed in practical work. An entire surface 
may be developed, or any portion of it, lying between two 
chosen elements and any other limiting lines. 



112. To find the intersection of a right cylinder with 
a plane surface oblique to its axis and to draw a tangent to 
the curve of intersection at any point 

Analysis:— T%i intersection is a plane curve, inter- 
secting all the elements of the cylinder. Hence, pass secant 
planes to cut straight lines (elements) from the cylinder, 
and also straight lines from the plane, the points of inter- 
section, respectively, of which give points in the curve of the 
section. 

The tangent to the curve of intersection, at any point 
by Theorem X, Sec. 94, will be projected as a tangent to 
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the projection of the curve, but it is most accurately drawn 
by revolving the curve of intersection about the trace of its 
plane into the coordinate plane where, by the properties of 
the curve, it may be more accurately drawn, and then re- 
volved back again, noting that the trace of the tangent is 
a fixed point in the revolution. 




FlOUBS 54. 



Construction:— Let the cylinder be a right circular 
cylinder, with base in H, as shown in Figure 54. The 
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center of the base is at A and let the plane be given as T. 
Auxiliary planes, to cut straight line elements from the 
cylinder, are parallel to the axis of the cylinder, in> 
this case perpendicular to H. Let S be such a plane, 
cutting T in the line CD, and tangent to the cylinder along 
the element EF. The point of intersection, O, of the line 
# CD and the element cut from the cylinder, is a point in the 
curve of intersection of the plane T and the cylinder. In 
a similar manner, an auxiliary plane R, intersecting T in a 
line parallel to that made by the plane S, gives P and Q, 
two other points in the curve of intersection. And so on, 
for as many points desired. 

Let K be a chosen point, on the curve of intersection, 
at which to draw a tangent. Revolve the curve of inter- 
section into V, about the V trace, where the tangent can be 
drawn more accurately, k\V is the revolved position of 
the tangent. The point L, in which the tangent cuts the 
V trace, is a fixed point in the revolution. Revolve the 
tangent back again into true position in the plane T. 

Auxiliary planes could have been passed in any chosen 
direction, for example, radially through the axis of the 
cylinder, or parallel to each other in any other direction. 
In this particular case, auxiliary planes, parallel to H, 
might quite as conveniently be chosen; they would have 
intersected the cylinder in circles, readily drawn, and their 
intersections found, with the horizontals cut from the plane 
T. 



113. To develop, approximately, the right circular 
cylinder of Sec. 112, and to trace on it the curve of inter- 
section with the plane T. 

Analysis:— From definition (Section 111) the develop- 
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ment of a right cylinder mth parallel bases, is bounded by 
the rectified curves of the bases and the elements perpen- 
dicular to and connecting the extremities of the rectified 
bases. 

Hence, choose any element, and, perpendicular to it at 
its extremities, lay off the rectified curves of the bases, in 
any convenient manner, i.e., for example, using short chord 
lengths as equal to the arcs which subtend them. Connect 
the last divisions on the rectified curves to constitute the 
element consecutive with the first one assumed. The curve 
of intersection of a secant plane will be a curve connecting 
the proper points of the respective elements as found in the 
development. Hence, lay off on each intersected element 
in the development, a distance from the rectified curve of a 
base that the point of intersection of the element mth the 
secant plane is from that base; draw a smooth curve 
through these points. 

Construction: — Take any reference line as the upper 




FIGURE 55. 



one in Figure 55, and lay off on it successively, starting at 
the left, and going toward the right, the chord lengths 
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into which the base may have been divided by the 
auxiliary planes in H projection, beginning at p and pro- 
ceeding counter clockwise around the base. At these 
divisions erect perpendiculars to the reference line or base, 
and, making them as long as the elements are long, obtain 
the other base. Next, divide the elements of the develop- 
ment into the same proportionate parts that the elements 
are divided in projection by the secant plane. A smooth 
curve connecting these points will give the developed 
curve of intersection. 

114. To develop an oblique cylinder. 

Analysis:— To develop any cylinder, it is desirable to 
obtain, first, a right section. Then rectify this, and erect 
the elements perpendicular to it; lay off on these the respec- 
tive lengths between the bases measured from the right 
section as a reference line. 

If the axis of the cylinder is oblique to both coordinate 
planes, it is most convenient to change the latter so that 
the axis is parallel to one of them, for then, one projection 
of the curve of intersection will be a straight line, and the 
construction for getting the other projection of the inter- 
section is very much simplified. 

Construction:— Let an oblique elliptical cylinder with 
parallel bases, and axis AB oblique to H and V, be given as 
in Figure 56. Assume any plane T, conveniently between 
the bases of the cylinder to be perpendicular to the axis. 
Its traces are respectively perpendicular to the projections 
of the axis of the cylinder. To find the curve of inter- 
section of T with the cylinder, project the latter upon a new 
Vi plane parallel to the axis cutting H in Q Y .L x . The new 



SINGLE CURVED SURFACES 



113 







FlGUBE 60. ' 

Vi trace of T will be perpendicular to the V! projection of 
the axis a' x b ' x . Pass planes perpendicular to H and to T, 
as E and 8 for example, to cut elements CD, EF and GI, 
JK respectively from the cylinder as shown. The V! pro- 
jections of the piercing points of the elements lie in the 
Vi trace of T{ the H projections lie at the intersection of 
perpendiculars to the G,.!^. through these points and the H 
projections of the respective elements cut from the cylin- 
der. 



114 



DESCRIPTIVE GEOMETRY 



To get the true curve of the intersection, revolve it in- 
to or parallel to the V plane, for example about the*V trace 
of T as shown above TV on the figure. 




FlGUBE 57. 

Next, rectify the curve of the section on any base or 
reference line, as in Fig. 57, by laying off on it any conven- 
ient chord lengths as taken from the rectified curve of sec- 
tion and erecting perpendiculars to the points of divis- 
ion. Lay off on these perpendiculars, either side of the 
rectified curve of the section, distances respectively equal 
to the segments of the elements upon either side of the 
curve of section. The true lengths of all elements are pro- 
jected upon the Vj plane and are obtained directly. 
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116. A cone is defined as a single curved surface gen- 
erated by the motion of a line which goes through a fixed 
point and touches a curve. There is nothing which limits 
the curve but it is usual to consider it a plane curve. 

The generic or characteristic name of a cone is derived 
from the perimeter of a plane section which is so taken 
that a line through the apex of the cone, and perpendicular 
to the plane section, goes through its center, focus, or other 
characteristic point of the curve.* Some cones so defined 
are elliptical, hyperbolic, parabolic, etc. The axis of a 
cone is a line which goes through the apex and pierces a 
plane section, arbitrarily chosen as the base, in its center, 
focus, or other characteristic point. The axis of a generic, 
or right cone, is such a line which is, further, perpendicu- 
lar to the plane of the base. 

A cone may be at the same time a right cone and an ob- 
lique cone. The definition just given for a generic cone 
makes every cone some form of right cone. Any plane 
section, however, oblique to the generic axis may also give 
the cone a name. A simple illustration will suffice : A 
right circular cone, if cut by a plane oblique to its axis, 
may also be called an oblique elliptical cone. A cone is 
generally defined in terms of the base section whether it 
be oblique to the axis or perpendicular to it. 

A cone of revolution is a right circular cone, because 
it can be generated by the revolution of a line about 
another line which it intersects. 

The generating line or generatrix of any cone is not limit- 

*The author believes this to be an uncommon definition and therefore re- 
quire 8 some fuller explanation. The 'characteristic point 1 may mean a point of 
Inflection of the carve of section If It has sinuous like characteristics, a ousp, 
or a vertex, etc 
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ed by the apex of the cone, therefore, a line always gen- 
erates two parts, each on opposite sides of the fixed point. 
These parts are called nappes, as the right and left nappe 
respectively, or the upper and lower nappe. 

1 16. To assume a point on a cone, assume either pro- 
jection of the point, and through it, draw the projection of 
an element, which is a line of the surface passing through 
the apex. Note where it cuts the curve of the base, with 
this point construct the other projection of the element. 
The other projection of the assumed point will be on the 
corresponding projection of the element. Each assumed 
point lies, in general, on the projection of two elements. 
Either one can be taken at will. An element of the cone 
may be assumed in a similar manner. 

117. To draw a tangent plans tD a cone at any point on 
the surface. 

Analysis— The plane will contain the tangent to two 
curves of section of the surface through the point, but an 
element of contact, may be taken as one line of the tangent 
plane, a tangent to the curve of intersection of the surface 
with a coordinate plane may be taken as the other line, 
but the latter is also a trace of the plane, since it lies in 
the coordinate plane. Hence, draw an element of the surface 
through the given point and where this cuts the coordinate 
plane in the curve of a base in that plane, draw a tangent to 
the base. The plane of these two lines is the required plane. 

If the plane of the base does not lie in a coordinate 
plane, draw a tangent to the curve of the base at the point 
of intersection with it of the element of contact. This and 
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the element of contact are lines of the required plane. The 
traces of the tangent plane go through the respective traces 
of these lines. 




Figure 68. 

Construction:— Let an oblique elliptical cone be given 
as in figure 58 with its elliptical base in H and apex at O, 
and the point P by its horizontal projection. Find p' by 
drawing the element o p to cut the curve of the base in r. 
r' is in the G. L. and p' is on r V. The required tangent 
plane contains the element OPE and since the base of the 
cone is in H, a tangent to the curve of the base at r, the 
foot of the element, is the H trace of the required plane. 
The V trace is obtained by using a horizontal of the plane 
through O as shown. 

118. To pass a plane tangent to a cone through a point 
outside. 

Analysis: — If an auxiliary line is drawn through the 

giver? point and the apex of the cone, it will be a line of the 
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tangent plane, for all tangent planes to the cone go through 
the apex. Another line of the tangent plane is a line lying 
in any secant plane, intersecting the auxiliary line men- 
tioned and tangent to the curve of intersection urith the cone 
of the secant plane. If the base of the cone is in a coordi- 
nate plane, this second line would be that passing through 
the trace of the auxiliary line and tangent to the curve of 
the base in the coordinate plane; it would furthermore be a 
trace of the tangent plane. The other trace may be obtained 
by any of the usual methods. 



/ 



x/ 



/ 




Construction:— Let an oblique elliptical cone be given 
as in Fig. 59 with base in H and apex at as shown. Let 
the point outside be R. Draw a line R through the apex 
of the cone to pierce H, the plane of the base in W. 
Through W draw a tangent to the curve of the base. This 
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will be at once a line of the required plane E and the H 
trace of the plane. By means of a horizontal OB of the re- 
quired plane the V trace is obtained. 

By similar construction another tangent plane Q may 
be found to fulfill the conditions. 

1 19. To draw a plane tangent to a cone and parallel to a 
line outside. 

Analysis:— The required tangent plane must contain a 
line parallel to the given line. Such a line can be drawn 
through the apex of the cone. A plane tangent to the cone 
and containing this line would fulfill the conditions. Hence, 
draw a line through the apex parallel to the given line, and 
through its piercing point with the plane of the base, draw 
a tangent to the curve of the base. This line, and the one 
through the apex, are lines of the required plane. Since two 
or more tangents can be drawn from a point to a curve, 
there can be two or more tangent planes. 

The construction is left to the student. 

A plane cannot be drawn tangent to a cone and to con- 
tain a given line outside unless the line, prolonged if neces- 
sary, would be tangent to its surface. 

If the axis of the cone is parallel to the G. L., the 
plane of the base will be an end plane and the construction 
requires to be modified to suit. 

120. * To pass a plane normal to a cone through a point 
on the surface. 

Analysis:— The normal plane will be perepndicular to 
the tangent plane at the point, i.e., contain a perpendicular 

•The analysis of the following three problems are the same as the correspond- 
ing ones for the cylinder. . 
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to the tangent plane through the given point. Hence, find 
the tangent plane at the point, (by Section 117), and 
through the latter draw a perpendicular to this plane. Any 
plane to contain this line will satisfy the conditions. 

121. To pass a plane normal to a cone through a point 
outside the cone. 

Analysis: — The normal plane will be perpendicular to 
the tangent plane and contain the point, i.e., contain a per- 
pendicular to the tangent plane and passing through the 
point. Hence, find the tangent plane, (by Section 118 J, and 
draw a perpendicular to the plane through the point. Any 
plane passed through this perpendicular, will satisfy the 
conditions. 

122. To pass a plane normal to a cone and parallel to 
a given line. 

Analysis:— The normal plane will be perpendicular to 
the tangent plane which latter is also parallel to the given 
line. Hence, find the tangent plane to the cone and parallel 
to the given line, (by section 119.) At any point of the 
tangent plane erect a perpendicular, and through any point 
of this perpendicular draw a line parallel to the given line. 
The plane of these two lines is the required plane. 

123. To find the curve of intersection of any cone with 
a plane oblique to the axis. 

Analysis:— The intersection will be a plane curve, inter- 
secting all the elements of the cone. Hence, pass auxiliary 
secant planes to cut straight lines, elements, from the cone 
and lines from the given plane; the points of intersection, 
respectively, give points in the curve of the section. 
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Construction:— Let an oblique elliptical cone be given 
as in Figure 60, with elliptical base in H, and cut by a 
plane T. Pass a series of secant planes, one of which is S, 
through the apex of the cone, assuming at will the H 
traces of these planes, as SH. The V traces can be found 
by means of horizontals, as shown in the case of plane 
S. Find the lines of intersection, respectively, of these 
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auxiliary secant planes with the plane T, for example, 
CD is the line of intersection of the plane S with the plane 
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T. The elements cut from the cone by the plane S, are 
EO and FO f respectively. Where e'o' cuts c'd' is a 
point in the curve of intersection, and, where co cuts. cd, is 
its corresponding projection. Similarly, where f'o' cuts 
c'd', is another point in the curve of intersection and 
where fo cuts cd, is its corresponding projection, and so 
on for as many points as desired. 

Either the V or the H traces of the auxiliary secant 
planes can be assumed in this problem in any direction 
which seems convenient, the corresponding traces to be 
determined from them. 

The well known conies are derived by the intersection 
of a plane and a right circular cone, or cone of revolution 
as was discussed in Sections 86 and 115. 



124. To develop a right circular cone approximately.* 
Analysis:— In a right circular cone, all the elements are 
of equal length. Hence, since the apex is a point common to 
all the elements, the development will consist of the sector 
of a circle, the distance between the sides of which, is 
determined by the length of the rectified curve of the base 
subtending the angle between the sides and laid out with the 
apex as center. 

Therefore, with a radius equal to the true length of an 
element, draw the arc of a circle and lay off on it from 
any convenient point, successively, chord lengths taken 
equal to short arc lengths into which the base may be 
divided. Connect the first and last point of tJie chords 
with the center or apex and this will be the approximate 
development. 



* Since the circle of the base cannot, by geometry, be accurately rectified. 
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Construction.— Let a right circular cone be given, as in 
Figure 61, with base parallel to H and apex in O. Divide 
the curve of the base, for convenience, into a number of 
equal divisions, taking the chords, connecting these, as 
equal to the respective arc lengths. Choose a center O 
and, with a radius equal to the length of the elements of 
the cone, which is shown in true projection by those 
elements which are parallel to V as OP and OQ, describe 
an arc of a circle PQP and, on this circle, lay off succes- 
sively the chord lengths into which the circle of the plan 
had been divided. Connect the first and last division with 
the center O and this is the approximate development. 

Any other than a right circular cone will have to be 
developed by a different method than the foregoing. 
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125* The development of any cone in general may be 
effected as follows: 

Analysis:— Divide the curve of the base, or intersection 
of the cone with a plane, into a large number of parts 
taking the chord lengths as equal to the arcs subtending 
them. Draw the corresponding elements of the cone through 
these divisions. Then, taking an apex or center anywhere, 
assume a line through it, equal in length to an element of 
the cone, next, with the apex as center, draw an arc of a 
circle of radius, equal to the true length of the next adjoin- 
ing element, and with center at the extremity of the first 
element, and radius equal to the true chord length between 
the two elements, describe an arc of a circle to cut the first 
arc in a point which will lie upon the developed curve of the 
base. With centers, respectively, as before, at the apex 
and the extremity of the last located element, and radii 
equal, respectively, to the true length of the next element, 
and the true chord length between the elements, find the next 
point in the developed curve of the base and so on until all 
the points of the base selected have been located. The first 
and last elements, and a smooth curve through the points 
plotted, constitute the development. 

If the right section of an oblique cone is a circle then 
the following special method for development may also be 
employed:— 

Analysis:— Pass a plane perpendicular to the axis. It 
will cut the cone in a circle. Develop this right circular 
cone, by Section 124, and find points in the curve of the 
desired base by laying off upon the developed elements, 
extended if necessary, the respective rectified intercepts on 
those elements between the base and the curve of intersection 
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with the auxiliary plane. A smooth curve through these 
points will give the curve of the base. 

126. To develop an oblique cone. 

Analysis:— The analysis is the same as that given for 
the general case at the beginning of Section 125. 




Figure 62. 

Construction— Let an oblique cone with circular base 
in H and axis in an end plane be given as in Figure 62. 
Divide the base inH into, say, sixteen equal parts. For 
-symmetry in the development choose element OA, to lay 
off in a convenient place, obtaining its true length, by re- 
volving the element parallel to V. Find the true lengths of 
all the elements by similiar revolution. Next, with O, of 
the development, as center, and radius equal to OB, 
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describe an arc of a circle, then, with ab as a radios, and 
center at A of the development, describe an intersecting 
arc obtaining the point B. Similiarly, obtain all the 
desired points in the cnrve of the base. The elements 
OA of the development are theoretically consecutive 
elements of the curve. 

127, The convolute* have already been defined broadly 
in Sec. 87 but to repeat for the sake of clearness, they are 
a class ot surfaces generated by the motion of a line which 
is tangent to a curve of double curvature. 

Bearing in mind the discussion in Sec. 87, that when a 
line moves tangent to a curve of double curvature the 
elements of the surface generated intersect each other two 
and two, that is, two elements intersect each other in a 
point of the curve and pass through two other consecutive 
points, no three elements passing through four consecutive 
points, and it can be seen that the surface is developable, 
like other single curved surfaces. 

There can be an infinite variety of convolute surfaces 
depending upon the form of the curve of double curvature 
or directrix. One of the well known surfaces of this char- 
acter, used very generally, as an example in discussing the 
properties of the surface, is the helical convolute, so 
named because it is generated by a line moving so that it 
is tangent to a helix.* 



128. The helix has already been defined as the curve 
traced by a point which moves at a uniform rate around a 
cylinder, and at the same time at a uniform rate in a 

•This surface is also called a developable helicold, because It Is the only hell- 
ooidal surface which can be developed. 
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direction parallel to the axis of the cylinder, and, since 
these relations are directly proportional relations, a curve, 
plotted between them in coordinates, will be a straight, 
line, so that the helix is also the shortest line which can be 
drawn on a cylinder, between two points that lie neither 
upon the same right section, or upon the same right line 
element.- 




0» Li, 



Figure 68. 



To study the curve in detail, see Figure 63, which 
shows it traced on a circular cylinder, in tnird angle pro- 
jection. Assume a point to be at O, and to move around the 
cylinder in the direction of the arrow 'through equal distan- 
ces, 1, 2, 3, 4, etc. Let it also move up the cylinder through 
any given distance, until, after it has completed one revo- 
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lution, it reaches a position P directly above O. The dis- 
tance OP is known as the pitch of the curve. Now, as both 
motions are uniform, the point will travel to 1, which is one- 
sixteenth of the circumferential distance, in the same time 
that it travels one-sixteenth of the distance of OP toward 
P, and to 2, which is one-eighth of the circumferential 
distance, as it goes one-eighth of the distance OP toward P, 
and so on. Hence to plot the curve, divide the circumfer- 
ence of the base into any convenient number of equal 
parts, and the pitch into the same number of equal parts. 
By noting the points of intersection of the perpendiculars 
to the G.L., through the divisions of the circumference of 
the base, and parallels to the G.L., through corresponding 
divisions of the pitch, points of the curve may be found. 

Certain peculiarities of this curve deserve to be noted. 
(1) It is tangent to the contour elements of the cylinder at 
points o' and S' and p\ (2) It changes curvature at 
points 4' and 12' , midway of the contour elements. (3) A 
tangent to the curve at 4' and 12' shows, by its angle with 
the projection of the base of the cylinder, the angular pitch 
of the curve, i. e., the ratio of the linear pitch to the cir- 
cumferential distance. (4) The curve is sharpest at o', 8' 
and p ' and gradually grows straighter until at 4 ' and 12 ' 
it is straight for a very short distance. (5) It is sym- 
metrical, in parts, with respect to the projection of the axis 
of the cylinder, and to lines perpendicular to the projection 
of the axis, so that the curve from o' to 4' is a unit, which 
is repeated throughout the path of motion of the point. 

The surface of the helical convolute is represented by 
drawing its helical directrix, at least two limiting elements, 
and its intersection with a plane, as a coordinate plane. 
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129. To represent a helical convolute with its axis per- 
pendicular to H. 

"Analysis:— The helical directrix will appear in both pro- 
jections as described in Section 128. The V projection will 
be limited by tangents to the helical directrix at the points of 
changing curvature. The H projection of the surface will 
be as follows: The tangents to the helical directrix will be 
projected as tangents to the circle of the H projection. Since 
the pitch is constant, any tangent will make a constant angle 
with the H plane and is the hypotenuse of a right angled tri- 
angle, of which the H projection of the tangent, between the 
curve and the H plane, is one side, and the projecting line on 
the H plane, of any point of the tangent, is the other side. 
Moreover^ from the fact that the tangent has the pitch of the 
directrix, at the point oftangency, and from the directly 
porportional relation in the motion of the point, in generating 
the curve, the H projection of a tangent is the length of the 
developed, or unrolled portion of the directrix or circle in H 
projection. Hence, if a series of tangents are drawn to the 
directrix, in H projection, and are made respectively equal in 
length to the circumferential distance between the H trace of 
the directrix and the respective voints of tangency, the ex- 
tremities of the tangents mil lie upon an involute of the 
circle. The intersection of the helical convolute, by the H 
plane, or plane perpendicular to the axis, is therefore the in- 
volute of a circle. 

Construction:— Let the cylinder and the helical direc- 
trix be given as in Figure 64. At points 1, 2, 3, etc., of 
the V projection conceive tangents to be drawn to the 

•Which Is an analysis for special conditions. 
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curve. Since the traces of these tangents with the H 
plane cannot be obtained with accuracy, in this projection, 
derive them by first getting the corresponding projection 
of the traces as follows: O is the intersection of the 
directrix with H. Proceeding from O counter clockwise, 
draw the H projections of a series of tangents to the base 
in H, and make the length of each tangent equal to the 
rectified arc between the point of tangency and the point 
O giving the points Q, R, S, T, U., etc. Join these points 
with a smooth curve which is the curve of intersection of 
the surface with the H plane, and the latter would be 
called its base. 

Now since the tangents are not limited in length by 
their traces and points of tangency, the surface will be 
continuous below the H plane ; a portion of that part of it 
which is below is shown in dotted line. 

If a plane parallel to H were to intersect the surface 
at a distance above H that 3 is above the G.L., then the 
curve of intersection would be an equal curve to the one in 
H but it would have a cusp at 3 instead of at O. 

The elements are the lines of greatest declivity of the 
surface with respect to any plane perpendicular to the 
axis, and the surface itself is one of equal declivity with 
such a plane, in this case with the H plane. 

131. To assume a point upon the surface of a helical 
convolute, and to pass a plane tangent to the surface to 
contain it 

Analysis: — Since a point lies upon an element of the 
surface, assume either projection of the point, and draw an 
element through it by drawing a tangent to the helical 
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directrix. The corresponding projection of the point mil lie 
upon the corresponding projection of the element. 

In accordance with the definition of a tangent plane to 
a single curved surface, the required plane will be that of 
an element of contact through the given point, and a tangent 
to the curve of intersection of the surface with any plane. 
Hence, draw an element and through the trace of that 
element with any secant plane, draw a tangent to the curve 
of intersection of the surface with that secant plane. The 
plane of these two lines is the required plane. If the secant 
plane is a coordinate plane, then the tangent to the curve of 
intersection with the secant plane is at once a trace of the 
required plane. 

Construction.* — Let the surface be given as in Figure 
64. Assume a point a on the surface. Draw an element 
through it to pierce H in the curve stu. From b ' , the V 
projection of this trace, draw a tangent to the V projection 
of the helical directrix and thus obtain a' . 

Through b draw a tangent to the curve stu and this 
is the H trace of the required tangent plane. With the H 
trace, and the elements BA or the point A in the plane, 
find the V trace. 

132. To find the curve of intersection with a helical 
convolute of any secant plane oblique to the axis. 

Analysis:— According to the rule previously given for 
finding the curve of intersection of a plane with any single 
curved surface, a series of auxiliary secant planes may be 
chosen to cut lines from both. The most convenient planes, 
however, will probably be the projecting planes of the 
elements of the convolute Where these elements pierce the 



SINGLE CURVED SURFACES 133 

given plane, will give points upon the curve of intersection. 
Hence, by Section 57, find the piercing points of any series 
of elements with the secant plane, and join them by a smooth 
curve. 

If auxiliary planes are passed parallel to the plane of 
the base of the cylinder of the directrix of the convolute, 
they will cut the surface in involutes of circles equal to 
those cut from the surface by the plane of the base. The 
intersections of these involutes with the respective lines 
cut from the given plane, will be points on the curve of 
intersection required. And this method of solution may 
be employed, when it is found convenient to make a tem- 
plate to easily transfer the different involutes. The origin 
of the involute, or point of contact with the cylinder of the 
convolute, for any one auxiliary plane, will be where the 
trace of the auxiliary plane cuts the helical curve upon the 
cylinder. 

133. To pass a plane tangent to a helical convolute and 
to contain a point outside. 

Analysis:— The tangent plane will contain a line 
through the given point, which will be tangent to a curve of 
section of the surface by a plane containing the point, and 
it will also contain an element of the surface passing 
through the point of tangency of this line. Hence, pass a 
secant plane through the point to cut the surface in a curve; 
draw a tangent to this curve, through the point. Also draw 
an element of the surface passing through the point of 
tangency, the plane of these two lines is the plane required. 

Construction:— Let the helical convolute be given as in 
Figure 65, with the point P as shown. 
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Figure 65, 



For convenience pass a plane T through P parallel to 
H. Its V trace is parallel to the GLL. and the point A in 
which it cuts the helical directrix is the origin of the 
involute of a circle in which the surface cuts this plane. 
Through the point p draw a tangent to this involute as 
p b; its V projection is parallel to the G.L. and coincides 
with TV; through the point of tangency B, draw an 
element of the surface, BC; C is its H trace. The H trace 
of the required plane R goes through C and is parallel to 
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the tangent pb. The V trace goes through the V trace of 
the element BC, and also that of the tangent PB. As two 
tangents can be drawn from the point P to the involute so 
there can be two tangent planes to the convolute surface 
through the point P. S will be the other plane as shown, 
containing the tangent PQ. 



134* To draw a plane tangent to a helical convolute and 
parallel to a given line outside. 

Analysis:— The required plane contains a line parallel 
to the given line. Now, a plane passed through the given 
line and conceived to be parallel to the required plane may 
also be thought of as tangent to a right cone with base per- 
pendicular to the axis of the convolute, and whose elements 
make the same angle with the plane of the base, that the 
elements of the convolute do with a plane perpendicular to 
its axis. Therefore, choose any point of the given line to be 
the apex of a right cone whose base shall lie in a plane 
which is a right section of the helical convolute. Pass a 
plane through this line and tangent to the cone, (by Seetion 
118). The required tangent plane will have its traces 
parallel to this one and may be located by aid of the element 
of tangency as in the preceding problem. 

Construction:— Let the convolute be given as in Fig. 66 
and the line as AB. It is seen from the element of the 
convolute, OP, which is parallel to V, that the angle of the 
elements with the H plane is a, hence, through any point of 
AB, as B, draw a right circular cone whose base is in H 
and whose elements make an angle of a with H. Then, 
through AB pass a plane T tangent to the cone. Its H 
trace goes through C, the H trace of AB, and its V trace 
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contains the V trace of the line AB. Another plane R can 
be drawn tangent to the cone to contain the other tangent 
to the base from C. 

Since the base of the auxiliary cone has been taken in 
H, the H traces of the possible parallel tangent planes to 
the convolute will be tangents to the curves of intersection 
of the surface with H as shown. There can be two planes 
K and L parallel to T and two planes M and N parallel to 
R. The V traces are obtained by one of the usual methods. 

135. To develop the surface of a helical convolute. 

Analysis. — Assume, for simplicity in demonstration, 
that the convolute is one whose axis is parallel to V and 
perpendicular to H as discussed in Section 130, and let the 
curve of intersection of the surface with H, he called the 
base. 

Since the helical directrix makes a constant angle with 
the plane of the base, (Section 130), and since the elements 
retain the same length in the development, and also the 
angles between consecutive elements are equal, the length 
of the base remains constant, and the helical directrix 
develops into a curve of uniform curvature. This curve 
will be a circle, and the developed base will be the involute 
of this circle. 

The mathematical relations for determining the radius 
of curvature of the developed helical directrix may be 
stated as follows : 

R= a 



COS 2 a 

when a = radius of the cylinder on which the helix is 
wound and a the angle a tangent to the helix, makes with 
a plane of right section. 
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But the radius may be obtained graphically as follows : 
At the point p ' of Fig. 66, draw a horizontal line, at the in- 
tersection of the tangent o'p' with the contour of the cylin- 
der draw a normal to the tangent to intersect the horizontal 
line through p ' . The distance from the intersection to p ' 
is the radius of the circle representing the developed 
helical directrix. The developed surface will be limited by 
this circle and its involute. 



CHAPTER VI. 



WARPED SURFACES. 

136. Warped Surfaces. 

Warped surfaces have already been defined as those 
generated by a line moving so that no two of its successive 
positions intersect each other, which is equivalent to 
saying that they do not lie in the same plane. 

Any two elements of one system of generation are 
what is known as windschief. The motion of a line, in 
generating these surfaces, while infinite in variety is, in 
general, however, specified as being controlled by lines, 
curved or straight, or by surfaces or both. That is, it 
moves so as to touch a line in a certain way, or a surface, 
or be parallel to the respective elements of a surface. One 
of the laws in illustration is that of a line which moves so 
as to touch three right line directrices which themselves 
do not intersect. Another is one in which a line moves 
so as to touch a given right line and a given curve and 
at the same time be parallel to a given plane, or still 
another to make a fixed angle with the given right line. 

To summarize the limiting conditions, a line may move 
(1) so as to have its successive positions parallel to a 
plane; (2) so that its successive positions are parallel to 
the elements of a cone*; (3) so that its successive posi- 
tions intersect a given line. 

♦The cone 1b not limited to a right circular cone. 



140 



DESCRIPTIVE GEOMETRY 



Under (1) we have (a) two right line directrices, (6) 
two curved directrices, (c) one straight line directrix and 
one curved line directrix. Under (2) we have (a) two 
straight line directrices, (6) two curved directrices, (c) 
one straight line directrix and one curved line directrix. 
Under (3) we have a unique class in which there are two 
curved directrices and one straight line directrix. 

The classification may be tabulated as follows, with ex- 
amples of the different kinds of surfaces : 

137. Table of classification of warped surfaces. 



Directrix Directrices 



Examples 



Warped 
Surfaces 



Plane 



Cone 



Line 



2 straight lines— Hyperbolic 

paraboloid 

■Eight helicoid 



2 curved lines 
1 straight line 
1 curved line 



Conoid 



2 straight lines— Hyperboloid of 

revolution* 

2 curved lines — Oblique heli- 
coid 

1 straight line ) Elliptical 
L 1 curved line ) hyperboloid 



2 curved lines j Oblique helicoid 

I of varying pitch 



•The hyperboloid of revolution will, for convenience, be discussed under 
surfaces of revolution. 
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13a The Hyperbolic Paraboloid 

If a lines moves so that it touches two windschief 
right lines and remains at the same time parallel to a 
given plane, the surface generated is know as the hyper- 
bolic paraboloid, so designated because sections of the sur- 
surface are either right lines, hyperbolas or parabolas. 

If two lines, not in the same plane, are intersected by a 
% series of parallel planes, the lines are divided into propor- 
tional parts by the planes, from geometry, and if the cor- 
responding points of division on each are connected they 
constitute the elements of a hyperbolic paraboloid. 

Conversely, if any two lines not in the same plane are 
divided into proportional parts, the right lines joining the 
corresponding points of division on each will lie in parallel 
planes and be the elements of a hyperbolic paraboloid, the 
plane directer of which is parallel to any two of them. 

Thus let AB and CD, Fig. 67, be any two non-intersect- 
ing lines. With any radius as a-1 divide db into any num- 
ber of equal parts ; with any other radius as d-6 divide d-c 
into the same number of equal parts, find the vertical pro- 
jections of these points of division. Join the correspond- 
ing points of division on these lines as 1-d, 2-12, 3-11, etc. 
They are the elements of the^surface, and it is seen that the 
curve which is the envelope of its tangents is the parabola. 
For from geometry, any element as 9-5, being a tangent to 
the parabola, divides the two other tangents AB and CD 
proportionally, a well known property of the parabola. 
The lines AB and CD are the two linear directrices of the 
surface and are shown here as oblique to the coordinate 
planes. 

The characteristic properties of this surface are best 
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Figure 67. 



brought out by projecting the elements of the surface upon 
two coordinate planes which are not necessarly at right 
angles to each other, one parallel to the two rectilinear 
directrices which we will call Q, the other parallel to the 
elements of the one system of generation, or in other words 
the plane directer of the system which we will call P. Let 
Fig. 68 represent these planes seen edgewise, in other 
words projected upon an end vertical plane. The project- 
ing lines of any point M will be parallel respectively to the 
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FIGUBI 08. 

coordinate planes — although not perpendicular to each 
other,— and parallel also to the end plane, so that when the 
planes P and Q are unfolded, the projecting lines will con- 
stitute one and the same perpendicular to the G. L. 

139. * THEOREM XIL 

The projections of all the elements of one system of 
generation of a hyperbolic paraboloid, upon the plane 
directcr intersect each other in a point, known as a 'point 
of concourse.' 

Proofi— Let Figure 69 represent the projections of the 
two directrices AB and CD, upon two inclined coordinate 
planes, Q and P, respectively, and let P be taken as a 
horizontal plane. Since the plane Q is parallel to both 
of the directrices, their P projections will be parallel to 
the G.L., and they may, with this proviso, be assumed 
anywhere as shown. Let the point of intersection of 
the Q projections of AB and CD, be denoted by t/ q — 
merely an arbitrary point and not standing for the pro- 
jection of any point in space. 

Assume any plane parallel to P, its vertical trace being 
TQ. It will pierce the directrices in two points, respec- 

* After Watson's 'Descriptive Geometry*, page 41. 
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tfrely, E and F, which, if connected by a line, win 

constitute an element of the surface. Drop a perpendicu- 
lar to the G.L. through y q f and let its intersection 
with f*e p be called a? also its intersection with the 
G.L., be called i, and with the P projection of the 
directrix AB as 2, and with TQ as 3. And let the inter- 
section of a perpendicular to the GX. through f q with 
the P projection of one of the directrices be called 4. 
From the similar triangles e v x v 2. e 9 f p 4, b q y q l> 
e q y q 3, y q ld q , andy q 3f q , we have— 

x v 2 _ eT2_ = e^_3 = b*l 
f*4 e p 4 e q f q J^F 

b 9 l 
but the ratio , q , q is independent of the position of 

the generatrix FE, that is, the cutting plane T, hence 

x 9 2 _ b q l 

P 4 b*d* ~" constant 

and x v 2 is a constant for all positions of the generatrix. 

By similar reasoning, it also may be proved that the 
projections of the other system of generation, upon the 
plane directer Q, pass through a point on that plane, which 
point is the intersection of the Q projections of the 
directrices AB and CD, denoted y q . 

140. THEOREM Xm. 

The section of a hyperbolic paraboloid by a plane 
parallel to the two rectilinear directrices is a straight line. 

Proofi— Let the surface be represented as in Fig. 69, 
and assume R to be a plane parallel to Q, the plane 
which in turn is parallel to the two directrices. The 
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generatrix FE meets this plane R in the point G. From 
similar triangles we have: 



e'g* 



TT 



But we see that this ratio would be true for any position 

of the elements EF, that is the ratio q q is a constant 

and the locus of the various intersections of elements 
of the surface with any plane R would be a straight line 
which goes through the point y q . 

Corollary 1:— For every hyperbolic paraboloid there are 
two systems of generation. For since any plane parallel to 
Q will cut the surface in a line whose P projection is par- 
allel to the G.L., the plane Q will be the plane directer of 
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the system of such intersections or elements and the pro- 
jections of these elements upon the plane Q pass through 
a common point y q , just as those belonging to the other 
system pass through x v with P as the plane directer. 

Corollary 2;— The generatrix of one system in a hyper- 
bolic paraboloid intersects every element of the other system. 
For the projection of any two generatrices, one of each 
system, upon either coordinate plane P or Q will intersect 
each other in a point which can be the projection of but 
one point upon the surface. Hence, any two elements of 
one system may be taken as the directrices for the other 
system. It follows also that through any point of the 
surface two lines may be drawn which are, respectively, 
the elements of each system of generation. 

Corollary &— No two generatrices of the same system in 
a hyperbolic paraboloid intersect each other for we have 
seen that the projection of one system upon one of the co- 
ordinate planes P and Q are lines parallel to the G. L. and 
in the corresponding projection they are oblique and make 
different angles with the G. L. 

Corollary A\— The hyperbolic paraboloid may be defined 
as the surface generated by a line which moves so as to touch 
three other non-intersecting lines all of which are parallel to 
a common plane and divide said lines into proportional 
parts for since an element of one system intersects every 
element of the other system the surface may have three 
rectilinear directrices instead of two rectilinear directrices 
and a plane directer. 

It was noted in Theorem XIII that for the first system 
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of generation discussed there was a point in the projection 
of the elements upon the plane directer which is common 
to the projection of all the elements on that plane, y* , and 
for the second system, similarly, a point in the projection 
of these elements upon their plane directer, which is 
common to all these elements, ay. These points are known 
as 'points of concourse*. It may, moreover, be seen that 
each point of concourse, as a point in one system, is the 
projection upon that plane directer of an element of the 
surface belonging to the other system of generation which 
coincides with the projecting line of that element upon the 
plane. For example, referring to Figure 68, the line 
Mm* is the projection of such an element parallel to Q, 
upon the plane P, and Mw q is the projection of an element 
parallel to P upon the plane Q. 

The trace of the hyperbolic paraboloid upon the plane 
directers P and Q is found as follows : — The P trace goes 

« 

through the P traces of the directrices AB and CD, see 
Fig. 70, and since an element of the surface is projected 
upon Q in the point y b that being also its Q trace the Q 
trace of the plane of the hyperbolic paraboloid goes 
through that point SQ and SP will be its respective traces. 
If the traces did not meet in the G. L. within the limits of 
the drawing, then the Q trace of any auxiliary element of 
the surface could be found and the required traces located. 

141. To assume a point upon the surface of a hyperbolic 
paraboloid 

Analysis: — Assuming either projection of the point, 
draw through it any element of one system of generation. 
The corresponding projection of the point will be found upon 
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the corresponding projection of the element, and the cor- 
responding projection of the element can be found by its 
intercepts upon the directrices. 




FlGUBK TO. 



Construction: — Let the surface be represented, as in 
Fig. 70 and let i p be the projection of an assumed point, 
draw through i p and the point of concourse, of , an element 
of the system of generation which is parallel to P. Find 
by its intersection with the P projection of the directrices, 
the Q projection of this element. T is found at the inter- 
section of a perpendicular to the G. L through v> and the 
Q projection of the element. 

If i q had been assumed, draw the Q projection of an 
element through the point belonging to the system which 
is parallel to P by making its Q projection parallel to the 
G.L. The intercepts with the directrices will give the P 
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projection and from that the P projection of the point may 
be found upon the P projection of the element through 
the point. 

Note: — An element drawn through t q y q will, in P pro- 
jection, pass through i p , and be parallel to the G.L., and 
this element may equally well be used to obtain the cor- 
responding projection of the assumed point. 

Tangent planes to warped surfaces have the same 
peculiarities as those to other surfaces which have already 
been discussed, that is, they are the locii of lines which 
can be drawn tangent to curves cut from the surface. An 
element of a surface which has straight line elements is a 
convenient line of the plane to obtain. In warped surfaces 
a tangent plane while it may contain an element or 
elements of the surface will only be tangent in general, at 
a point of the surface, for the successive elements are non- 
intersecting, and a plane passed through one will inter- 
sect the next consecutive one in a point. Therefore the 
tangent plane at a given point is derived conveniently by 
an element through the point and a tangent to the curved 
section through the point. If the surface is doubly ruled 
like the hyperbolic paraboloid, the tangent plane will con- 
tain the two elements of the surface, one of each system 
of generation, intersecting in the point. 

142. To pass a plane tangent to a hyperbolic paraboloid 
at a point on the surface. 

Analysis:— The tangent plane must contain an element 
of the surface; but through every point of the surface, there 
pass two elements one belonging to each system of genera- 
tion, hence the tangent plane will contain both and be 
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tangent to the surface, only at a point Therefore, through 
the given point, draw an element of each system of genera^ 
tion. The plane of the elements is the plane required. 
The curves cut from the surface by the tangent plane, are 
the two elements lying in the tangent plane. 

Let any generatrix of the system P, that is the one of 
which P is the plane directer, revolve about the point of 
concourse, a? , occupying different possible positions in the 
surface, see Fig. 71. It will assume positions <x?i v , f* e p , 
d* fe p , etc., respectively. When it occupies a position 
parallel to the G.L., its Q projection would be at an 
infinite distance below the G.L. If it continues to revolve, 
it would reappear again from an infinite distance above 
the G.L. on the plane Q. When its P projection is per- 
pendicular to the G.L., its Q projection is the point y* . 

Therefore if through any point in the plane directer 
of one of the systems we draw lines parallel, respectively, 
to the elements of that system, they will occupy all possi- 
ble positions around that point, and the one infinitely 
distant will be parallel to the G.L. And since there is 
in each system an element infinitely removed and parallel 
to the G.L., it is evident that an element can be found to 
make any assigned angle with the line of intersection of 
the plane directers. 

The two elements, one of each system, whose projections 
are the points of concourse, respectively, intersect each 
other in a point of the surface known as the vertex. 

The two diametral planes of the surface are known as 
those respectively which (1), are perpendicular to each 
other and go through the vertex perpendicular to the G.L., 
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or intersection of the plane directers, and (2), go through 
the vertex and bisect the dihedral angle between the two 
plane directers. 

If the surface is projected upon the coordinate planes 
in such a manner that H is parallel to the first mentioned 
diametral plane and V is parallel to the second mentioned 
diametral plane, we will obtain projections which will 
facilitate the drawing of elements of the surface, tangent 
planes, sections, etc. 



143. (a) To draw the projections of the hyperbolic 
paraboloid upon planes parallel, respectively, to the dia- 
metral planes, (b) to find the sections of the surface made 
by planes parallel to the coordinate planes, (c) to construct 
a tangent plane at any given point 

Analysis:— The analysis of the first part of the problem 
is analogous to the explanation given in Section 139 and 
need not be repeated. 

Any secant plane will cut either straight lines, hyper- 
bolas, or parabolas from the surface. Secant planes parallel 
to H, namely, perpendicular to the plane directers, will cut 
hyperbolas of equal nappes, and one will cut two straight 
lines. Any secant plane parallel to V, namely, parallel to 
the plane bisecting the dihedral angle between the plane 
directers will cut the surface in a parabola. 

Any tangent plane through a given point is obtained by 
getting the traces of the plane of the two elements one of 
each system intersecting in the point 

Construction: — See Figure 71. The H plane is taken 
perpendicular to the two plane directers P and Q, and the 
V plane is taken parallel to the plane bisector of the 
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dihedral angle between P and Q. It can be seen that the 
projections of both systems of elements upon the H plane 
will be parallel to each other, respectively. AB and CD 
are the two directrices. These are divided proportionally 
into twelve equal parts and the corresponding points 
of division joined, giving as elements of the one system 
1-11, 2-10, etc. By joining AC and BD, and similarly 
dividing these into twelve equal parts we get elements 
1-11, 2-10, etc., of the other system of generation. These 
are shown also projected upon an end plane, for conveni- 
ence revolved into H. The directrices AB and CD in V 
projection are for convenience assumed as equally inclined 
to the G.L. 

A parabola is, in the V projection as in Figure 71, the 
envelope of the tangents, and is the curve of intersection 
with the surface of a plane parallel to V, its points cor- 
responding to those, in which the elements, in H pro- 
jection, intersect the line be. For, referring to the V 

projection and the tangent 7-5, together with AB and CD. 

c'5 = d/7 
W 7b' 

Hence, the tangent 7-5 divides the tangents AB and 
CD into proportional parts, a well known property of the 
parabola. 

Assume a horizontal plane to cut the surface, shown 
by its trace TV. Noting the points in which the respective 
elements pierce this plane, and getting their respective H 
projections, it is found that they lie on a hyperbola of two 
nappes, symmetrical with respect to the line connecting a 
and d. Assume another V plane, shown by its trace UV, 
and similarly plotting the traces of elements with it, we 
find that the curve of intersection is another hyperbola, 
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with two nappes symmetrical with the line connecting 6 
and c. The asymptotes to the hyperbola can be found by 
taking a horizontal section of the surface, and passing 
through the vertex of the parabola in V projection. 

A section of the surface, by a plane oblique to H, 
would give hyperbolas of unequal nappes. 

Let it be required to draw a tangent plane, at the 
point M, the intersection of the elements 7-5 and 8-4, one 
belonging to one system of generation, and the other 
belonging to the other system. The plane of these two 
elements is the plane required, shown by its traces RV and 
RH. It can be seen, that it is also a secant plane of the 
surface, being tangent only at the point M. 

The vertex of the surface is the point of intersection of 
two elements, one of each system, whose plane is perpen- 
dicular to both plane directers, i.e., perpendicular to their 
line of intersection. Such a point is the intersection of 
elements 6-6 of each system in Figure 71. 

The axis of the surface is a line through the vertex, 
parallel to both plane directers, i.e., parallel to their line 
of intersection. 

If the angle between the plane directers is a right 
angle, the surface is known as a right or rectangular 
hyperbolic paraboloid. If the angle is not a right angle, 
the surface is known as an oblique hyperbolic parhboloid. 

144. To assume a point upon the surface of the hyper- 
bolic paraboloid as in Section 141. 

Analysis:— TAe horizontal projection of the point may 
be assumed) and an element of the surface drawn through 
it from whence, the V projection may be obtained. The V 
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projection of the point may be assumed; in this case pass a 
horizontal secant plane through it, to cut a hyperbola from 
the surface, whence the H projection of the point will be 
found upon the hyperbola. The assumed V projection 
stands for two points upon the surface, equally distant in 
front of and behind the vertex. 



145. To pass a plane through a given right line and tan- 
gent to a hyperbolic paraboloid. 

Analysis:— The tangent plane contains an element of 
the surface, in addition to the given line. Therefore, 
through the piercing point of the given line, and the surface, 
draw an element of the surface; the plane of these two lines 
is the plane required. It will be tangent to the surface at 
some point of the element. 

The pilot or cow-catcher of some locomotives is built 
upon the lines of a hyperbolic paraboloid. The prows of 
some boats illustrate it also. 

146. The Conoid is a warped surface having a straight 
line, and a curved line directrix, and a plane directer. 

A right conoid is a conoid in which the plane directer 
is perpendicular to the straight line directrix and the plane 
of the curvilinear directrix. It may be exemplified by a 
line which moves so as to touch a straight line and a given 
circle, the given line being parallel to the plane of the 
circle, and the plane directer, perpendicular to both, 
whence we have a surface as represented in Fig. 72. The 
plane directer is an end vertical plane. 

A right helical conoid is a conoid in which the curvi- 
linear directrix is a helix, and the straight line directrix 
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the axis of the helix. It is exemplified in the face of a 
square threaded screw. 

An oblique helical conoid is a warped surface in which 
the generatrix, touching the helix and its axis, is oblique 
to the latter. It is exemplified in the V threaded screw. 



147. To draw a conoid having a circular directrix, and a 
straight line directrix parallel to the plane of the circle and 
a plane directer perpendicular to both; to assume a point on 
it, and to draw a tangent through the point 



Analysis:— Assume one coordinate plane parallel to the 
plane directer, and one perpendicular to it, and also one 
parallel to the circular directrix. The projection of the 
elements upon the second plane will be parallel to the G.L., 
and their projections upon the first will go through a com- 
mon point which is the projection, upon that plane, of the 
straight line directrix. 

To assume a point on the surface, assume either pro- 
jection and draw an element through the point 

To pass a plane tangent to the surface at any point, 
draw an element through the point, and it will be contain- 
ed within the tangent plane. The tangent plane will also 
contain a tangent, at the point of contact, of a curve of 
section of the surface made by any secant plane. The 
plane of these two lines is the plane required. 

Construction:— The conoid is shown in projection in 
Fig. 72. The circular directrix is placed in H and the 
straight line directrix perpendicular to V, which is the 
plane directrix. For convenience, the elements are taken 
as touching the circular directrix at equally distant points, 
1, 2, 3, 4, etc. o'p' is the vertical projection of the direct- 
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Figure 7S 



rix, seen as a point. This directrix is also an axis of the 
surface. Another axis, more generally considered as the 
axis, is a line through the center and perpendicular to the 
plane of the circular directrix. 

Planes perpendicular to this axis cut the surface in 
ellipses. 

To assume a point on the surfaee:— Assume either 
projection, say the H projection as m. Draw an element 
through the point, and by its vertical projection, obtain the 
V projection of the point. The assumed projection of the 
point, in any case, would stand for two points on the sur- 
face; if the H projection, then a point on either nappe, if 
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the V projection then a point upon either the front or back 
of the surface. 

To draw a tangent plane to the surface, say at the 
point M. Draw an element of the surface through the 
point; it will be contained within the tangent plane, Pass 
a plane through the point, to cut a curve from the surface, 
preferably a plane parallel to H as T. The tangent to the 
ellipse of section at M will also be a line of the plane. The 
V trace of the required plane, R, goes through the V trace 
of this line, and is parallel to the element of the surface, 
through the point of tangency. The H trace is parallel to 
the tangent to the curve of section. 

This plane will not be tangent to the surface all along 
an element, because sections of the surface, at various 
points to intersect an element, through any given point, 
will not have tangents at those points of intersection 
which are parallel. 

The foregoing example is only one of an infinite 
number of conoids. 

The curvilinear directrix may be either a curve of 
single or of double curvature. The straight line directrix 
may occupy any position, with respect to the curvilinear 
directrix. For example, if, in a conoid of the class just 
described, the straight line directrix had been oblique to 
the circle, we would have had an oblique circular conoid. 

A right elliptical conoid is one in which the conditions 
are the same as in the case just discussed, except that the 
curvilinear directrix is an ellipse. 

148. The helicoid is a warped surface generated by a 
line which moves so as to touch two helical directrices,* 

* A helix, as here used, is a term designating a helix described upon a right 
cylinder. 
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having a common axis, and has its successive positions 
parallel, either to a plane directer, or to a cone directer. 

A right hettcoid is a helicoid, in which the elements 
are parallel to a plane directer. 

An oblique helicoid is a helicoid in which the elements 
are parallel to those of a cone, i.e., has a cone directer. 

The axis of the helical directrices is known as the axis 
of the surface. 

A helicoid of uniform pitch is a helicoid in which both 
helical directrices have the same pitch. 

A helicoid of varying pitch is a helicoid in which the 
helical directrices have different pitches, hence, the 
motions of various points of the genertrix axial] y, vaty, 
and the angles of the generatrix, with the axis, vary. 

149. Figure 73 represents an oblique helicoid One 

spire of the helical directrix, 1, 4, 7, etc., is shown, with its 
axis parallel to V, Elements of the surface may be drawn 
as follows: Assume the angle of the elements, with the 
axis of the helical directrix, to be 30° . Draw an element 
of the surface, which is parallel to V, and will show its true 
angle with the directrix. Such an element will be e ' a ' . 
Since the angle of the elements with the straight line 
directrix is constant, every point of the element will de- 
scribe a helix of constant and equal pitch ; therefore, the 
points of intersection of the elements, with the straight 
line directrix, will be distant from one another the amount 
of axial advance which the points of intersection of the 
elements, with the helical directrix, are one from another. 
Therefore, to draw any other element: Choose a point 
upon the helical directrix, as 6 ' through which the element 
is to pass, note its axial distance from the point i, that is, 
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150. To assume a point upon the oblique helicoid: 

Assume one projection of the point, as the H projection. 
*Draw the projection of the element through it to intersect 
the axis and the helical directrix; from the V projection of 
the latter point, note its axial advance from any other 
convenient point on the directrix, through which an 
element passes, and proceed as described in the preceding 
paragraph. 

151. To pass a plane tangent to an oblique helical 
conoid, at a given point on the surface. 

Analysis:— The tangent plane will contain an element 
passing through the given point; it will also contain a tan- 
gent to a curve of section of the surface, through the point, 
which is a helix of equal pitch but lesser diameter than that 
of the directrix. But the tangent to the directrix, at the 
intersection of the element, is in general most convenient. 

Construction:— Let the surface be given as in Fig. 73, 
and let the point of tangency be D. Draw an element of 
the surface, through the point. The H trace of the tan- 
gent plane goes through the H trace of this element. A 
tangent DF, to the helical directrix, may next be drawn. 
The H trace of the tangent plane also goes through the H 
trace of this tangent. The V trace can then be found, D 
being a point in the plane. 



152. To find the curve of intersection of an oblique 
helical conoid by any plane. 

Analysis:— The general conditions of surfaces being 

•For convenience we will consider the helicoid as projected on H and V, when 
its axis Is perpendicular to the former. 
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in this case, the distance the point is from the H plane. 
Lay this distance off on the axis, measuring upward from 
the-point e' obtaining ft', then 6'6'' is the V projection of 
the element; it intersects H in a point C, a point upon the 
curve of intersection of the surface with the H plane; other 
elements may be assumed in a similar manner. 

The H projection of an element may be assumed as 
readily as the V projection, and from it the V projection, 
by the method just described. 
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150. To assume a point upon the oblique helicoid: 

Assume one projection of the point, as the H projection. 
*Draw the projection of the element through it to intersect 
the axis and the helical directrix; from the V projection of 
the latter point, note its axial advance from any other 
convenient point on the directrix, through which an 
element passes, and proceed as described in the preceding 
paragraph. 

151. To pass a plane tangent to an oblique helical 
conoid, at a given point on the surface. 

Analysis:— The tangent plane mil contain an element 
passing through the given point; it will also contain a tan- 
gent to a curve of section of the surface, through the point, 
which is a helix of equal pitch but lesser diameter than that 
of the directrix. But the tangent to the directrix, at the 
intersection of the element, is in general most convenient. 



:— Let the surface be given as in Fig. 73, 
and let the point of tangency be D. Draw an element of 
the surface, through the point. The H trace of the tan- 
gent plane goes through the H trace of this element. A 
tangent DF, to the helical directrix, may next be drawn. 
The H trace of the tangent plane also goes through the H 
trace of this tangent. The V trace can then be found, D 
being a point in the plane. 



152. To find the curve of intersection of an oblique 
helical conoid by any plane. 

Analysis:— The general conditions of surfaces being 

•For convenience we will consider the helicoid as projected on H and V, when 
its axis Is perpendicular to the former. 
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intersected by planes, can be observed here. The auxiliary 
secant planes, by being taken so as to contain the axis of the 
surface, will cut the latter in straight lines, the elements of 
the surface, and their intersections with the given plane, 
will give points upon tne curve of intersection. 




Figure 74 and 76. 



153. The right and oblique helicoids are shown in Figs. 
74 and 75. 

Figure 74 is the right helicoid. Figure 75 illustrates 
the oblique helicoid. The moving element is shown in 
each figure as the line AB. It is tangent, in each, to the 
inner cylinder, upon which the helix is described, although 
it cuts the helical directrix. 
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This surface, like many others, is not adequately rep- 
resented by drawing a few positions of elements. It is 
necessary to take a limited element, and plot the paths 
traced by several points, on the element and draw the con- 
tour of which these paths are the envelope. If this is 
done, it is seen that the oblique helicoid has the form of an 
augur. 



154. 



THEOREM XIV. 



The trace of an oblique helicoid with any plane perpen- 
dicular to the axis of the helical directrix is an archimedian 
spiral. 




JL 



Figure 70. 

Proof. — Referring to Figure 76, suppose an element 
a'V c' to move half way around the cylinder. It will 
occupy a position e r c'f\ parallel to b'd\ since the pitch 
is constant. Since b V = 2 o'b\ we will have d'f = 
2 o' d' = a' d' . And, since the revolutions of points of 
the element are uniform, and the axial advance is also 
uniform, the trace with a plane perpendicular to e'o\ 
is an equable spiral, of which d'f is the radial expan- 
sion, in half a revolution; and for any other position of 
the element, it is directly proportional to the axial 
advance, and, since these properties are identical with 
the archimedian spiral, the curve traced is identical. 



164 DESCRIPTIVE GEOMETRY 

165. To ascertain the point of tangency, of any given 
plane, with a oblique helicoid, along a given element 

Analysis — Since the tangent plane contains but one 
element of the surface, it will pierce the other elements in 
points, which lie upon a curve, cutting the given element in 
the point of tangency. 

156. The hyperboloid of one nappe is a unique warped 
surface in that it is also a surface of revolution, and the 
only one of the latter class which is, at the same time, 
a warped surface. Since surfaces of revolution have 
special characteristics, controlling their treatment in 
projection, and as the hyperboloid has no particular char- 
acteristics, as a warped surface, beyond those which have 
already been discussed, it will be treated fully latter in 
connection with surfaces of revolution. 



CHAPTER VII. 



DOUBLE CURVED SURFACES AND SURFACES 

OF REVOLUTION. 

157. Double curved surfaces. 

Double curved surfaces are those which can only be 
generated by the motion of curves ; they have no straight 
line elements, for, if they did, they would belong either to 
the single curved surfaces or warped surfaces. But the 
converse is not true, for, every surface generated by the 
motion of a curve is not a double curved surface. A 
double curved surface may be fully defined as one gener- 
ated by the motion of any curve, such that no two 
consecutive points of the curve travel in straight line paths. 

There is an infinite variety of double curved surfaces, 

• 

since there is both an infinite variety of curves, plane and 
double curved, and an infinite variety of ways in which 
the curves may move to generate surfaces. But the most 
familiar double curved surfaces, and those of interest to 
the student, are also surfaces of revolution. No particular 
interest attaches to, or value to be gained by, the discus- 
sion of double curved surfaces, in general, except to note 
the following points : ^ 

Planes can be tangent to such surfaces only in a point, 
or isolated points. 

A plane may be tangent to a double curved surface, 
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and also intersect the surface in a curve, which may or 
may not contain the point, or points, of tangency. 

A tangent plane, if it also cuts the surface, or a secant 
plane will intersect it in a curve, or curves, never in a 
straight line. 

The law of generation of a double curved surface is not 
limited to the motion of any particular curve in any par- 
ticular surface, for the curve formed by any secant plane, 
can be conceived of as one which could generate the 
surface, by moving and changing its shape, according to 
a law. The best definition would be that involving, at 
once, the simplest curve of section, and the simplest law 
of motion, to be decided by an inspection of the particular 
surface in question. 

158. A surface of revolution is one generated by the 
revolution of a line about a right line as an axis. The 
revolving line may be a right line or it may be a curve, it 
may cut the axis or it may not.* 

If the revolving line is a right line, it generates either 
the cone, when it intersects the axis or the only other 
surface of its class, known as a hyperboloid of revolution. 

If the revolving line is a curve, it generates a double 
curved surface, and has no straight line elements. There 
may be an infinite variety of surfaces of revolution 
depending upon the form of the revolving curve, the 
simplest being the following: The sphere, formed by the 
revolution of a circle about one of its diameters ; a cone, 
formed by the revolution of a right line about another 
right line which it intersects; a cylinder, formed by the 

* A surface of revolution la not strictly limited to one formed by the revolu- 
tion of a plane curve, although in general such are the ones considered. 
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revolution of a right line about another right line to which 
it is parallel ; an ellipsoid, formed by the revolution of an 
ellipse about one of its axes;* a paraboloid, formed by 
the revolution of a parabola about its axis ; a nyperboloid 
of revolution of two nappes, formed by the revolution of a' 
hyperbola about its transverse axis, etc., the surface, in 
general, deriving its name from that of a curve which 
revolves. 

It is obvious that any plane, perpendicular to the axis 
of a surface of revolution, will cut circles from the surface 
whose centers are in the axis, therefore, it is possible to 
conceive of such a surface being generated by the motion 
of a circle, such that the center moves along the axis of 
the plane of the circle while the latter changes its shape 
according to a law. 

If planes are passed through the axis, they will cut 
equal curves from the surface, known as meridian curves. 
That meridian curve which is parallel to a coordinate plane, 
the axis being also parallel to the coordinate plane, is 
known as the principal meridian curve A 

In any surface of revolution, which is re-entrant, the 
path traced by the point of the revolving curve, nearest 
the axis, is known as the circle of the gorge, and the plane 
of this circle, as the gorge plane. 

159. To assume a point upon a surface of revolution 
and to draw a tangent plane to the surface at the point 



♦This Is sometimes called a spheroid; a prolate spheroid. If the revolution Is 
about the major axis, an oblate spheroid If the revolution Is about the minor 
axis. 

t In discussing surfaces of revolution, let It be understood that the axis of the 
surface Is taken parallel to one of the coordinate planes and perpendicular to 
the other, which Is the most convenient method of representation for the 
purpose of analysis. 
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\—The point will lie on a meridian curve of the 
surface, which can be drawn, and a tangent plane to the 
surface, at the point, will contain a tangent to the meridian 
curve, through the point. Therefore, draw the meridian 
plane through the point, and if it is not the principal 
meridian plane, revolve it, and the point about the axis, 
until it becomes the principal meridian plane. Its projec- 
tion, upon one coordinate plane, will lie upon the contour of 
the surface. Revolve the point back again into its original 
position; the projection of the path, on one coordinate plane, 
will be a circle, that on the other will be a parallel to the 
G.L. 

The tangent plane contains, in addition to the tangent 
to the meridian curve, through the point, the tangent to 
the circular path of revolution of the point of tangency, 
which, in turn is parallel to one of the coordinate planes; 
and therefore, one trace of the tangent plane will be par- 
allel to one projection of this line. 

Construction:— Let the surface be given as an oblate 
spheriod, shown as in Fig. 77 with axis parallel to V and 
perpendicular to H. Either projection of the point can be 
assumed as a'. Its path of revoluton, into the principal 
meridian plane, is a horizontal line in V projection, and a' 
falls at a x ' , and its H projection at a x . Eevolving the 
point back again to its originally assumed position, a x 
moves in the arc of a circle, with o as a center, to the posi- 
tion a, on a perpendicular through a' . a', as assumed, 
could stand for two positions of the point on the surface, 
the other being a 2 . The tangent to the surface at A can 
be drawn, at the revolved position of A, the revolved V 
projection of its H trace being 6/. The H trace, B, re- 
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FieUBB 77. 



volves back to the original position, and falls at &' in V 
projection; and 6 in H projection, and the H trace of the 
required plane, T, is tangent to the circle of the path of B, 
at 6. The V trace is obtained in the usual manner, or it 
goes through the V trace of the tangent to the surface at A. 
The tangent to the meridian curve, in revolving from 
the one position to the other, generates a portion of the 
surface of a right circular cone, whose apex is in the axis 
and its line of tangency with the surface may be con- 
sidered its base. 
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160 THEOREM XV. 

A plane which is tangent to a surface of revolution at a 
given point is perpendicular to the meridian plane through 
the point 

Proot— The tangent plane contains the tangent to the 
circle of revolution of the point* The tangent, being 
perpendicular to the radius of this circle, is also perpen- 
dicular to any line connecting the point of tangency with 
the axis of the surface, since the radius is perpendicular 
to this axis. But the radius and the axis lie in a plane, 
hence the tangent is perpendicular to this plane which is 
the meridian plane. 

161. To pass a plane tangent to a sphere, and through a 
given line outside. 

Analysis — The given line will he the intersection of the 
two possible planes tangent to the sphere, through the line. 
Each of these planes will be perpendicular to a radius of 
the surface through the point of tangency. The plane of 
these normals will be perpendicular to tlie required planes. 
Therefore, pass a plane through the center of the sphere, 
and perpendicular to the given line. From the point in 
which it is pierced by the line, draw a tangent to the great 
circle cut from the sphere by the plane. This line, and the 
given line, constitute one of the possible tangent planes. 

Construction:— Let the sphere be given, as in Fig. 78, 
and the line as AB. Pass a plane through the center of 
the sphere, and perpendicular to the line AB by using a 
horizontal of the plane through 0. The line AB pierces 
this auxiliary plane in the point P. Revolving the center 
of the sphere and the point P into H, P falls at Pi . One 
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FlQUBE 78. 

tangent to the great circle cut from the sphere, by the aux- 
iliary plane, is p x r, the other is p x q. Hence, the plane of 
AB and PR, in the one case, and AB and PQ in the other, 
determine the required tangent planes, E and T, respect- 
ively. 

162. THEOREM XVL 

If two surfaces of revolution, having a common axis, are 



172 DESCRIPTIVE GEOMETRY 

tangent to each other, or intersect, it will be in the circum- 
ference of a circle, whose plane is perpendicular to the axis, 
and center in the axis. 

Proof: — If a plane is passed through any point of the 
curve of intersection, and the common axis of the sur- 
faces, it will cut a meridian curve from each surface, 
intersecting each other in a point* If each meridian 
curve is revolved about the axis, it will generate the 
surface to which it belongs, while the point, common 
to both the meridian curves, will describe the circum- 
ference of a circle, common to both surfaces, with center 
in the axis, and plane perpendicular to the axis. 

163. To find the curve of intersection of any surface of 
revolution by an oblique plane. 

Analysis: — Planes, gassed through the axis of the 
surface, will cut meridian curves from it, and right lines 
from the secant plane, the points of intersection of which 
lie on the curve of intersection of the surface and the plane. 
Or again, planes perpendicular to the axis, will cut circles 
from the surface and lines from the secant plane. 

In construction, the latter are to be preferred because 
the circles are easily drawn, if the axis of the surface is 
perpendicular to a coordinate plane, and the lines cut 
from the secant plane will be horizontals or verticals of the 
plane. 

Construction:— Let the surface be a torus form, a name 
derived from its use in architecture, a surface formed by 
the revolution of a circle about a line lying in its plane, 
but not passing through the center. It is shown in Fig. 
79, and the secant plane as T. 
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Pass a series of secant planes perpendicular to V, and 
to the axis of the surface, as shown at 1, 2, 3, etc. Their V 
traces will be parallel to the G. L., and the horizontals cut, 
thereby, from the plane T will intersect the respective 
circles, cut from the surface, in points of the curve of inter- 
section. The V traces of these lines are identical with the 

■ 

traces of the secant planes respectively. 



164. The hypcrboloid of one nappe, or 



of rev- 
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olution, as it is called, is a surface generated by a straight 
line, which moves so as to touch three windschief lines, 
which are equi-distant from a fourth, and make equal 
angles with a plane, perpendicular to the fourth. Or it 
may be considered as having two rectilinear directrices, 
and a right circular cone directer. 

This surface is distinguished from the hyperbolic para- 
boloid by the conditions that the three windschief direct- 
rices shall be equally distant from a fourth, and shall make 
equal angles with a plane perpendicular to the fourth. . 

Its construction, however, is best understood when 
made according to another statement of the law of genera- 
tion, namely, a surface generated by a line revolving 
about another line, which it does not intersect.* 

Let Fig. 80 represent a hyperboloid of revolution, con- 
structed as follows : — Let the axis of revolution, OP, be 
perpendicular to H, and AB be a limited portion of the re- 
volving line, shown here as parallel to V, and moving 
around OP, in the direction of the arrow. Its perpendic- 
ular distance from the axis is ep. Every point of the line AB 
describes a circle, whose center is in the axis, and whose 
plane is perpendicular to the axis ; hence, when any point, 
as G, has revolved to a position G i , in a plane with the 
axis OP, which is parallel to V, it will be a point in the 
contour of the surface ; for the contour is the line of tan- 
gency of a cylinder of projection, and since the surface 
is one of revolution the contour is in a plane parallel to V. 
All points of the line AB will take, successively, positions 
in the principal meridian plane, in the revolution about the 
axis, and other points in the contour may thus be plotted. 



*A law shortly to be proved. 
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Figure 80. 

This surface is symmetrical on its axis, so that for 
every point, as G, there will be one symmetrical with it 
upon the opposite side of the axis, and the V projection, 
in this case, will be symmetrical with respect to the line 
o'p'. For convenience, in the illustration chosen, AB is 
bisected at E, which describes the smallest circle of revolu- 
tion of any point of the line; it is the circle of the gorge* 
and its plane is the gorge plane. 



/ 
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The hyperboloid of revolution of one nappe has two 
systems of generation, and every element of the one system 
intersects all those of the other system. 




Figure 81. 



Proofi— If any point of an element AB as E in Fig. 
83., revolve through an angle of 180°, it will occupy the 
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position F, and the element, that of the position of CD, 
making the same angle, with the plane perpendicular to 
the axis, as AB does. If, now, through the point F, 
another line EL is drawn making the same angle with 
this plane, and lying in a plane parallel to V, it will, if 
revolved about the axis, generate the same surface, for, 
any plane passed perpendicular to the axis, will cut both 
these elements in points, respectively, 6 and H which 
are equally distant from the axis, and these each, in 
revolution, will describe the same circle perpendicular to 
the axis, and so for any other piercing points of the 
elements with any plane perpendicular to the axis; 
hence, the surfaces generated, by the elements, will be 
identical. And, since this is true, through any point of 
the surface, two right lines can be drawn, which are 
elements of the two systems of generation, respectively. 

Since the point 6, of the element AB, and the point 
M, of the element KL, generate the same circumference, 
it follows that, at some position of the element AB, the 
point 6 coincides with the point H. This position is 
shown by the dotted line AjB,, and so for any other 
point of AB. Hence, if either generatrix remain fixed, 
the other one, in revolution, would intersect it in all 
points successively.* 

And, if any three generatrices of one system, are 
taken as directrices, and a generatrix of the other 
system moves, so as to touch the three, it will generate 
the surface, hence the definition. 



♦This property la one characteristic of warped surfaces In general haying 
doable systems of generation. 
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166* 

The meridian 
nappe is a hyperbola 



THEOREM XVIIL 
of a hyperboloid of revolution of one 




FlQUEp 88. 



Proofc— Let Fig. 83 be a hyperboloid with G and N, 
any two points upon it. The horizontal distance of n x ' 
from n' is less than that of g x ' from g\ Still further 
removed from G, the corresponding projection of the 



SURFACES OF REVOLUTION 179 

distance of any point, on the meridian curve, from the 
projection of the generatrix, when parallel to one coordi- 
nate plane, is less. This distance, in any case, as g/g' , 
is the difference between the radial distance of the 
point from the axis, as g o, and its distance in H pro- 
jection from the point of tangency of the element AB, 
to the circle of the gorge. The first distance is the 
hypotenuse of a right angled triangle of which the 
second distance is the base, and the distance of the point 
of tangency, in H projection, from the axis is the al- 
titude. The hypotenuse, and the base vary, for every 
point on the element, while the altitude remains con- 
stant. Let the hypotenuse be represented by h, and the 
base by 6, and the altitude by a. Then the conditions 
may be expressed algebraically, as 

a - = ft» - V 

ora'= (h + b) (h - 6) 
whence 

(ft - 6) = a ' 



h+b 

The left hand member diminishes in value as the 
denominator of the right hand member increases, and 
becomes equal to zero when the denominator becomes 
infinite. Therefore, the element AB is an asymptote to 
the curve. Again, when b = zero, h % = a\ and the 
radius of the circle of the gorge is equal to a, the 
nearest point of the moving element to the axis. 

Referring also to Fig. 80, and remembering that the 
line through a b may stand for the H projection of an 
element of each system, assume any other position of 
AB as A ! B , . It will cut one element of the other 
system in a point M., and a second element in a point N, 
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on the opposite side of the circle of the gorge. Now, 
since this element has but one point in common with 
the meridian curve, the vertical projection of A^ will 
be tangent to this curve at K. But n k = km, then 
m' k' = k' n' , that is, the tangent to the meridian 
curve is bisected at the point of contact, a well known 
property of the hyperbola. Hence, the meridian curve 
is a hyperbola; in the figure, it has a horizontal trans- 
verse axis and a vertical conjugate axis. 

The surface could be generated, therefore, by revolu- 
tion of a hyperbola about its conjugate axis. 

If the circle of the gorge diminishes in diameter to zero, 
the generatrices will go through its center and the surface 
becomes a cone. 

If the angle of the generatrices with the plane directer 
diminishes to zero the surface become a plane. 

167. To assume a point on the surface of a hyper- 
boloid of revolution of one nappe, and to draw a plane tan- 
gent to the surface at the point 

Analysis:— The elements of both systems of generation, 
which pass through the assumed point, will each be tangent 
to the projection of the circle of the gorge, on a plane per- 
pendicular to the axis of the surface, and intersect any 
assumed bases of the surface in points, which can be found. 
And the tangent plane will contain the elements of the 
surface — one of each system— passing through the point of 
contact, will be tangent to the surface at a point, and cut the 
surface in two straight lines. 



SURFACES OF REVOLUTION 



181 




FlQUBI 88. 



Construction:— Let Pig. 83 be a hyperboloid of revolu- 
tion. 

First, assume P, in H projection, in which case either 
or both elements can be drawn through it, tangent to the 
circle of the gorge, and cutting the base in the circle of 
contact with H, from which their V projections may be ob- 
tained. Or the V projection of P may be assumed. In 
this case, revolve the point about the axis until it falls into 
the principal meridian plane, and after its H projection 
has been obtained in this position, then revolve it to its 
original position and obtain the true H projection. 

The tangent plane contains the elements, one of each 
system, passing through the point of contact, audits traces 
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pass through the traces of these elements. TV and TH are 
the traces as shown. 



168. To find the curve of intersection of the hyper- 
boloid of revolution with any plane; 

Analysis: — The most convenient method of finding the 
curve of intersection, is to pass a series of auxiliary secant 
planes perpendicular to the axis of the surface, cutting 
circles from the hyperboloid, and right lines from the given 
plane, the respective points of intersection, of which, give 
points upon the curve of intersection of the two. 



CHAPTER VIII. 



INTERSECTIONS OF SURFACES. 

169. Two surfaces will intersect each other in curves or 
straight lines, according to the character of the surfaces. 
And the method of ascertaining the form of the curve, will 
depend also upon the properties of the surfaces con- 
sidered; no general procedure can be laid down, except 
the following: Pass a series of secant planes to cut from 
both surfaces, the simplest lines that can be drawn, the 
intersections of the curves cut from both surfaces by the 
secant planes, respectively, will give points in the curve 
of intersection of the surfaces. 

The subject of intersections is best investigated by 
working out a series of problems involving different kinds 
of surfaces. The intersection of the simpler single curved 
surfaces, and surfaces of revolution are of particular 
interest to the student, and furthermore, intersections, 
together with the development of the surfaces intersected, 
form a class of problems of most frequent occurrence in 
practical descriptive geometry, and deserve to be dwelt 
upon. 

As the student has by this time become accustomed to 
the fundamental processes, it is proposed to curtail the 
analyses, somewhat, and to cover only the special features 
involved in each new problem. 
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170. To find the intersection of two bodies bounded 
each by plane faces. 

General Analysis: — The curve of intersection will 
connect the points of intersection of the various edges of the 
one form with the surfaces of the other form. Hence, (1), 
find the various lines of intersection, of the planes of the one 
form, with those of the other, respectively, or, (2), find the 
traces of the edges of the one form with the faces of the 
other, the latter extended if necessary to contain the traces. 




FlQUEB 84. 



Construction: — Let the two forms be two prisms, 
square and triangular, as in Figure 84. Starting with any 
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edge of one of the prisms, as 1, of the square prism, see if 
it intersects the surfaces of the triangular prism, by using 
the H projecting plane of the edge, and finding its line of 
intersection with the faces of the triangular prism, and so 
on, systematically, each edge in turn, and then find, 
similarly, the piercing points of the edges of the triangular 
with the square prism, wherever the intersection has not 
been determined. 

171. One form will completely penetrate the other 

when two parallel, tangent and diametrically opposite, 
planes to the one form cut lines out of the second form. 
This construction is very useful sometimes, in determining 
the sphere within which to work with least expenditure of 
effort. Two sets of tangent planes, one set to each form, 
will determine at once the limits of the curve, or curves, 
of intersection. 

To make the statement for complete or partial pene- 
tration general, for all surfaces, it may be said that one 
completely penetrates the other when two tangent, and 
opposite, planes to the one form, and constructed in 
accordance with the limitations imposed by the character of 
the surface, cut the second form. 

If one completely penetrates the other, there will be 
two distinct curves of intersection, if not, the curve of 
intersection will be single and continuous. 



172. To find the lines of intersection of two pyramids. 

Analysis:— Find the piercing points, of the edges of one, 
with the surfaces of the other, by means of auxiliary planes, 
passed through the edges of each, and, when possible, pass 
them through the apexes of both pyramids; whence, the 
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common line of intersection, of the several secant planes, is 
the line connecting the apexes of the two pyramids, and the 
lines cut from both pyramids are elements of them respec- 
tively. 



173. To find the curve of intersection of two cylinders 

Analysis:— J/ the planes of the bases of the two cylinders 
are parallel, choose the secant planes parallel to the bases. 
Similar curves to the bases will be cut from each, and their 
respective intersections give points on the curve desired. If 
the bases are not in parallel planes, pass secant planes 
through the elements of one, which are parallel to those of 
the other, hence, cutting elements, if at all, out of both. 

Construction:— Let two cylinders be given, as in Fig. 
85, having axes AB and CD respectively. Since the second 
cylinder has its axis parallel to the G. L., any auxiliary 
planes, passed parallel to its elements, will be parallel to 
the G.L. Hence, to find the intersections of such a series 
of auxiliary planes with both cylinders, project the cylind- 
ers upon and end plane as shown. The respective inter- 
sections of the contour of both cylinders, with any one aux- 
iliary plane, are the piercing points of elements of the 
cylinders, with their respective bases, and these can be 
transferred to the coordinate planes. One such auxiliary 
plane is shown, cutting the elements EF and IJ, respec- 
ively, out of both cylinders. 

Note. In the practical application of descriptive ge- 
ometry, in such problems as these, it is foupd convenient 
to choose one coordinate plane parallel to the axes of both 
solids, so that the elements cut out will be projected their 
true length on that coordinate plane, since the main object 
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FXQUBX 85. 



of ascertaining the intersection is that the forms may be 
developed, such for example as two intersecting pipes. 



174. To find the curve of intersection of two cones. 

Analysis:— Unless the bases are circular and in parallel 
planes, pass a series of secant planes to cut elements from 
both cones. These planes will intersect each other in a line 
through the apexes of both cones, and their traces, moreover, 
will go through the traces of this line. The respective 
intersections of the elements, cut from the cones, mil be 
points in the curve of intersection sought. 
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Figure 86. 

Construction:—- Let two cones be given, as in Figure 86. 
The circular base of one is in V, with apex at 0, and the 
circular base of the other is in H, with apex at C. The line 
OC, connecting the apexes, has its V and H traces in A 
and B, respectively, and the secant planes used will con- 
tain these traces. Planes T and R, drawn tangent to the 
first mentioned cone, show that T cuts elements out of the 
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second, but R does not, likewise planes S and U, drawn 
tangent to the second show that 8 cuts elements out of the 
first, but U does not; hence, neither cone completely pen- 
etrates the other. The construction of points by use of 
another auxiliary plane is shown. 

If both bases are in the same coordinate plane, only one 
trace of a secant plane is necessary to determine whether 
that plane cuts both cones. Its corresponding trace may 
be found with a horizontal, or vertical, of the plane, or it 
may not be needed in construction. 

If both cones have the same apex, either trace of any 
secant plane can be assumed at will, the corresponding 
trace being determined by the fact that the apex is a point 
in the plane. 

If the line connecting the apexes of the cones, is parallel 
to their bases, the traces of the auxiliary planes, with 
those bases, will be parallel lines. 



175. To find the curve of intersection of a cone and 
a cylinder. 

Analysis:— 7%i secant planes, to cut elements out of 
each, must pass through the apex of the cone, and be parallel 
to the elements- of the cylinder; hence, draw a parallel line 
through the apex of the cone, as the common line of inter- 
section of the secant planes. 

Construction:— Let the cone and cylinder be given as 
in Figure 87. Draw a line through the apex of the cone, 
as the line of intersection of the secant planes. In this 
case, it is perpendicular to H. The secant planes T, R, S, 
etc., are, therefore, perpendicular to H, and cut both 
surfaces in straight lines. The H traces can be assumed 
at will, to pass through the H trace of the auxiliary line, 
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through the apex of the cone. The points of intersection, 
D and E, of the elements cut out of each, by one auxiliary 
plane R, are shown. 

Where the bases of cone and cylinder are in the same 
plane, the traces of the secant planes, with that plane, can 
be assumed at will to go through the trace of an auxiliary 
line, through the apex of the cone, and parallel to the 
elements of the cylinder. If this auxiliary line is parallel 
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to the plane of the bases, the traces of the secant planes, 
on that plane, are parallel. 

If the bases of cone and cylinder are in or parallel to 
different coordinate planes, then either of the traces of the 
auxiliary planes may be assumed at will, to go through the 
similar trace of an auxiliary line, through the apex of the 
cone, and parallel to the elements of the cylinder. 

The proper traces to assume, of the auxiliary planes, 
are those with the coordinate plane in which the bases re- 
spectively lie, for the traces show, at once, the elements 
cut from that solid whose base lies in that plane. 

176. To find the curve of intersection of a cylinder and a 
convolute. 

General Analysis:— if the base of the cylinder lies in or 
parallel to the plane of section of the convolute, used to 
represent part of the contour of the latter, then secant 
planes, parallel to the base of the cylinder, will probably 
give the simplest construction, although cutting curves out 
of both. If the base of the cylinder is not so related to the 
convolute, then, through any point of an element of the 
latter, draw an auxiliary line parallel to the elements of the 
cylinder; the vlane of these two lines determines the 
direction of one auxiliary plane. 

177. To find the curve of intersection of a cone and a 
convolute; 

General Analysis:— If the base of the com lies in, or 
parallel to the plane of section of the convolute, used to 
represent part of the contour of the latter, then secant 
planes, parallel to the base of the cone, will give the 
simplest construction, although cutting curves out cf both. 
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If the base of the cane is not so related to the convolute, the 
general solution involves the cutting of a series of differing 
curves from the convolute t while cutting curves or elements 
from the cone. 

17& Two intersecting surfaces of revolution may come 
under one of three groups. 1. When they have a common 
axis. 2. When the axes are in the same plane. 3. When 
the axes do not intersect. 

If two intersecting, or tangent, surfaces of revolution 
have a common axis, they will touch each other on a circle 
or circles; for, having a common axis, any point, common 
to the two, must lie on a meridian curve, and, in each case, 
if revolved, will generate the surface, every point travel- 
ing in the path of a circle, whoes center is in a plane per- 
pendicular to the axis. 



179. To find the intersection of two surfaces of revolu- 
tion having a common axis. 

Analysis: — If the axis is taken parallel to one coordinate 
plane, and perpendicular to the other, then secant planes, 
parallel to the latter, will cut both surfaces in circles, which 
intersect in points desired. If the axis is not so placed, a 
change of coordinate plane or planes would be most 
desirable. 

180. To find the curve of intersection of two surfaces of 
revolution whose axes are in the same plane. 

Analysis:— J/ the axes are parallel, pass a series of 
auxiliary planes perpendicular to the axes, the curves cut 
from each surface will be circles. 

If the axes are not parallel, the convenient method is 
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to intersect both surfaces with a series of spheres, of dif- 
ferent radii, and with centers at the point of intersection 
of the axes. These spheres will cut circles, respectively, 
from both surfaces. If the plane of the axes is taken 
parallel to a coordinate plane, the projection of these 
circles on this coordinate plane will be limited and inter- 
secting straight lines, the points of intersection of which, 
respectively, are the common chords of the circles cut 
from each surface, one point each, as a common chord to 
the two circles cut from the surfaces by any one sphere. 




Figure 88. 



Construction: — Let the two surfaces be an ellipsoid of 
revolution, or prolate spheroid, and a right elliptical cone, 
whose apex C, is on the surface of the spheroid. See 
Figure 88. The center for a series of auxiliary circles is at 
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O, the intersection of the axes of the surfaces. A sphere, 
such as 1, and another such as 3, since they go through 
the points of intersection of the contours of the solids, and 
since the plane of the axes is parallel to V, will cut out 
chords of zero length, i.e., be the piercing points of those 
elements of the cone which are parallel to V. Sphere 2 
will cut out a circle from each intersecting in a common 
chord CD, the circle cut from the spheroid is vertically 
projected in the line i 'g ' and the circle cut from the cone, 
is vertically projected in the line ef. In like manner 
other points are ascertained. 

181. To find the curve of intersection of two surfaces 
of revolution who axis are not in the same plane. 

Analysis:— -Pass secant planes to cut the simplest series 
of lines out of each surface, circles out of one, for example, 
by planes perpendicular to the axis, and curves out of the 
other. 

No general analysis leading to a simple solution under 
these conditions is possible. 

182. To find the curve of intersection of a single 
curved surface and a surface of revolution. 

Analysis;— Pass a series of secant planes normal to the 
cuds of the surface of revolution, to cut circles from it and 
circles, ellipses, or other curves from the other surface. 

If the single curved surface is a cone, or cylinder, it 
is, in general, possible to get fairly simple curves of inter- 
section. If the surface is a sphere, also, the curves of 
intersection will be circles. If it is a convolute surface, 
the curves cut out will depend upon the position of the 
axis of the convolute relative to that of the surface of 
revolution. 
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Practical projection is based upon descriptive geometry, but the 
short cuts, in common use, are, many of them, entirely at variance 
with it. They are correct in their way, but the practical and the 
theoretical should not be confused. For example, the real differ- 
ence between first and third angle projection has not always been 
followed by draftsmen, the two have been mixed. In the first angle, 
an object is projected upon the coordinate planes from a center of 
projection, which is on the same side of the plane as the object; in 
the third angle, the center of projection is on the opposite side of 
the plane from the object. This, in the case of the first angle, 
results in an end view of an object being placed upon the opposite 
side from the one the view is supposed to represent, while, in the 
third angle, the end view comes next to the side which it is 
supposed.to represent. Further than this, in the first angle, the 
revolution of the end view is away from the end it represents, and 
in the third angle it is toward it, theoretically, while in practical 
projection, for both angles, the revolution is away from the end 
it represents, thus, theoretically, dividing the end plane, on its 
intersection with V, and folding the front and rear parts on each 
other like the leaves of a book. If these distinctions are kept in 
mind, the student will not be likely to mix the first and third 
angles in his practical work. Since practical projection is but a 
language constructed to give expression to ideas, it should be 
allowed license in its mode of expression, to best suit its purposes, 
as long as there is consistency, and a common understanding and 
approval of what is meant. 

Practical projection ignores the ground lines between any coor- 
dinate planes of projection, and for the very good reason that they 
in no way affect the projections of forms or the relations of the 
projections to each other except as to distance apart; and, because 
ground lines are ignored, in various other ways, detail views are 
arbitrarily placed where they will be most explanatory. As a con- 
crete illustration of this, the section of a spoke of a wheel may be 
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revolved about the median line of the section, where taken, and 
shown as limited by the outlines of the spoke. Again, it may be 
said, that such arbitrary constructions are permissible if well 
understood and accepted by custom. 

A very large share of the practical problems involving descrip- 
tive geometry are those of ascertaining the direction and shape of 
sections of forms, and of the development of the forms. Not all 
peripheries of solids can be developed, in the true sense of the 
word, while, in reality, all forms are developed in practice. The 
only forms that can be developed, in conformity with the princi- 
ples of descriptive geometry, are those having straight line 
elements and intersecting, at least consecutively, two and two. 
No doable curved or warped surfaces are developable. 

In practical work these latter surfaces frequently must be 
shaped up, notably in the sheet metal worker's business, and 
interesting devices are resorted to. For double curved surfaces 
there are two general methods: 1. The zone. 2. The gusset. 
In the zone method, the solid is divided into zones, by planes per- 
pendicular to a principal axis, if there be any, and the zones again 
broken up into two or more parts, to get smaller pieces, more 
closely approximating the real form. The gusset method is best 
illustrated by reference to the periphery of an orange when 
divided into its natural lobes, or to a sphere, divided by meridians 
Into the necessary number of slices, closely approximating the 
true form. In the sheet metal worker's business, the material is 
sometimes punched out or stretched to make it fill out the remain- 
ing difference between the true and the constructed forms. 

Other forms are developed by a system known as triangulation. 
The surface is divided up into triangles having their correspond- 
ing bases oppositely directed. In the development, each triangle 
is revolved about its edge of contact with an adjoining one, and 
the bases of the alternate triangles form a continuous develop- 
ment of the perimeter of a portion of the form; opposite to these, 
the bases of another set of alternate triangles go to make up 
another portion of the perimeter. The fru strum of an oblique 
cone is a surface which might be dealt with in this way, but the 
method can also be applied to other surfaces. 
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Following Section 24, Page 17. 

1. Draw the projections of the following points: A = 0, If, t; 
B = *,«,- i; C = li, - 1, - i; D = 2i, - 11, i; E = 3i, - 1*, 0. 
Project them upon a new V\ plane whose Gj.Lp outs the G.L. at 3i, 
0, 0, and makes an angle of 30° with it downward towards the right. 

2. Draw the projections of the following lines: A B has A = 0, 
A, — A; B = li, 1A, — 1A- CD has C = 2, *f, J; the line pierces 
the G.L. and d' is at 3A f — f, 0. Project both of these lines upon 
a new V, plane whose G^L,. is parallel to the H projection of C D 
and cuts the G.L. at IS, 0, 0. 

Following Section 26, Page 19. 

3. Given two points A = 0, li, f , and B = 1}, — li —li; draw 
the projections of the line joining them. 

4. Given two points, A = 0, — li, — 1, and B = 2, 1, 11; draw 
the projections of the line joining them. 

5. A B, C D and E F are three lines. A = 0, 0, 0, and B = li, 
«, 1A; C = li, - «, - h and D = 2f, - «, - 1; E = 3, - li, - 1, 
and F = 4, 0, — $. What are the relations of these lines to the 
coordinate planes? the angles CD and EF with them? 

6. A B and C D are two lines. A = 0, 2J, 1A, and B = li, 1, A; 
C = f , 1, t, and D = If, U, li. Draw their projections. 

7. A B is a line with A = 0, f , li, and B = 1}, li, i. C and D 
are points on the line; C is in a vertical plane i inch to the right 
of A, and D lies in a horizontal plane f inch below B. Locate 
both projections of the points. 

8. A B is a line, with A = 0,— li, — li, and B = li — i, — f . C 
is at If, — 1, — If. Through C, draw any line to intersect A B. 
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9. A B is a line, with A = 0, 1|, — 1, and B = li, 1}, — i. C is 
the middle point of A B. D is a point at i, i, f . Through D, draw 
a line to intersect the line A B, in the point C. 

10. A B is a line, with A = 0, i, li, and B = If, H, i. C is at 
H» if If- From G, as one extremity, draw a line so that its middle 
point shall lie on the line A B. 

11. Locate the projection, on a right hand end plane, of a line 
whose one end is i inch from V, and } inch from H, in the first 
angle, and whose other end is i inch from H, and $ inch from V, 
in the third angle. The ends of the line are li inches apart hori- 
zontally. Draw the projections of the line in either of its two 
possible positions upon the H and V planes. 

12. Draw the projections upon the H, V and V K planes of the 
two lines joining the points AB and CD. A = 0, i,f, and B = 2, 1}, 
1; C = i, i, — If, and D = 1J, — 1, £ . Let G E .L K . cut the G.L. 
at 3f , 0, 0. 

13. Draw the projections, upon the H, V and V x planes, of the 
two lines joining the points A B and CD. A = 0, li, — i, and 
B = 0, — f, 11; C = i, — If, — 1, and D = 2, 0, 0; G B .L B . cuts the 
G.L. at 3 f 0, 0. 

14. Given the line A B, with A = 0, 1J, f , and B = If, i, If; draw 
the projecting planes of the line. 

15. A point A = 0, £ , i and a point B = 0, li, 1; find the projec- 
jections of a line C D, 2 inches long and parallel to the line A B, 
and distance 1 inch from it, in a vertical plane through the line 
AB. 

16. Draw the lines A B and C D which intersect each other in 
a point O, at 0, f, — 1 £. A B is parallel to V and oblique to H, 
and C D is parallel to H and oblique to V. Coordinate the 
extremities of the limited line used. 

17. Given the line A B C, B being the middle point in it. A 
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= 0, li, f, and C = 0, i, 1}. Draw a line through B parallel to a 
line E F, in which E = f , i, i, and F = 1}, f , f . 

18. Given a line A B; A = 0, f, 1, and B = li, If, 1. Draw 
limited lines parallel to it lying in each of the four dihedral angles. 

19. Prove that the lines of problem 12 do not intersect. 

To Follow Section 32, Page 24. 

20. Find the traces of the lines A B and CD. A = 0, li, — 1, 
and B = li, - 1, li; C = If, If, i, and D = 3f , |, 1\. 

21. Find the traces of the line A B. A = 0, — f. — If; B = 2, 

22. Find the traces of the line M N. M = 0, H, H; N = 2f, 0, 0. 
Also find its traces with an end plane G E .L E . cutting G.L. at If, 
0, 0, showing same as revolved into V about Ge.Lb . 

23. A B is a line with A = 0, li, — li; B = 1J, i, — i. Locate 
its traces with V and H and also with an end plane whose G E .L B . 
outs G.L. at 1, 0, 0, revolving the same into the V plane. 

24. Find the traces of the broken line connecting successively 
the points. A = 0, - f, — A; B = H, «, - i; C = 2f, f , If; D = 
1« , If, - If. 

To Follow Section 33, Page 25. 

25. Draw a line A B, with its V trace at 0, f , 0, which passes 
through the 1st and 2nd angles only. 

26. Draw a line A B with its V trace at 0, f, 0, which passes 
through the 2nd, 1st, and 4th angles. 

27. Given a line A B with A = 0, i, — i; B = 1, 1}, — 1}. What 
is the position of the line with respect to H and V; where are its 
traces? 

. 28. Given a line A B, with A = 0. If , — i; B = li, i. - If. 
Find its traces and also its traces with an end plane whose G E .L E 
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passes through the point of intersection of the V and H projections 
of AB. 

29. The V trace of a finite line A B is li inches below H and its 
H trace is li inches back of V. Draw the projections of such a 
line and find its traces with an end plane whose Ge.L e . cuts 
through the middle of the line. 

To Follow Section 38, Page 32. 

30. A B is a line, with A = 0, i, i; B = li, li, li. Find the true 
length of the line, by revolving it about the horizontal projecting 
line of the point B until it is parallel to V. Show, by appropriate 
notation, the H and V projections of the arc of revolution of the 
point A. 

31. A B is a line, with A = 0, £ li; B = li, If, #. Find the true 
length of the line by revolving it about the vertical projecting line 
of the point B until it is parallel to H. Show, by appropriate 
notation, the H and V projections of the arc of revolution of the 
point A. 

32. A B is a line, with A = 0, 1J, 0; B = li,.0, f . Find the true 
length of the line, by revolving it about the H trace of its H pro- 
jecting plane into H. Also, find its length, by revolving it about 
the V trace of its V projecting plane into V. 

33. AB is a line, with A = 0, If, f ; B = li, f , A. Find the true 
length of the line, by projecting it upon a supplementary V\ plane, 
taken in any convenient place, parallel to AB. 

34. A line goes through the points A and B with A = 0, i, — i, 
B = 1, li, — li. Locate any two points, O and P, on it which are 
li inches apart. 

35. Given the four points, A, B, G, and D. A = 0, i, f; B = If, 
li, li; C = A. If, If; D =2, 0, i. Find the distances between the 
extremities of the two lines AB and CD. Also, find the distances 
between P, on AB, 1 inch from A, and Q, on CD, i inch from C. 

36. A, the V trace of a line AB, is at 0, — 2i, 0; B the H trace 
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of the line is at 2}, 0, — 2i; C, the H trace of another line inter- 
secting AB, is at A. 0, — 11; D, the point of intersection has 
its z = li. Draw the lines AB and CD, and find the V traoe of 
CD. Through D, draw a line whose V traoe has z = t, and is i 
inch below H. 

37. A = 0, 1, i; 6 = ^,11, li. Find the true length of the line 
by the following methods: (a) by revolving parallel to V; (b), by 
revolving parallel to H; (c) , by revolving about its H projection 
into H; (d),by revolving about its V projection into V; (e),by 
projecting upon a new V! plane parallel to the line, using a O t . L t 
to cut the G.L. at f , 0, 0. 

38. Find the true length of the line AB with A = 0, li, — li; 
B = li, 0, 0. 

To Follow Section 46, Page 38. 

Where TO is given it means the point in which the plane T outs 
the G.L. 

Point 1 stands for a point of a plane in V, 2, for a point of the 
plane in H, i, e., points on the traces. 

39. T is a plane with TO at 0, 0, 0. TH makes an angle of 30° 
with the O.L., and TV makes an angle at 60° with the G.L. both 
towards the right. A, B, C and D are four points in the plane T, 
and their vertical projections are as [follows: a' = 1, J, 0; b l = 
— i, — I, 0; c' = i, — li, 0; d' = 0, li, 0. Find the H projections 
of the points by using a horizontal of the plane, in each case. 

40. T is a plane with TO at 0, 0, 0. TH makes an angle, with 
G.L. whose tangent is f ; TV makes an angle with G.L. whose 
tangent is f, both towards the right. A, B, C and D are four 
points in the plane and their horizontal projections are respec- 
tively as follows: a = 2, 0, i; b = 1, 0, —1; o = — i, 0, — i, and d 
= li, 0, 0. Find the vertical projections of the points by using a 
vertical of the plane in each oase. 

41. Given the plane T, with TO = 0, 0, 0. TH has 2 at 2, 0, If; 
TV has 1 at 2, li, 0; apoint O, which is in the plane, has o = li, O.i. 
Draw any two lines through the point O and lying in the plane T. 



204 EXERCISES 

42. Given the three points, A = 0, f, A; B = 2f, 0, 2, and C = 
if 1} A; to pass a plane through them. 

43. Given two parallel lines AB and CD; A = 0, f , i; B = f, f f 
i; C = f, f , 1. Pass a plane through the two lines. 

Note. — Parallel lines have parallel projections. 

44. The line AB has A = 0, f, f ; B = f , fr, f. Pass a plane 
through the line AB and a point C = If, 1, — f . 

45. The line AB has A = 0, li, f; B = If, — i, 1£. Pass a plane 
through the line AB and a point C = If, li, — i. 

46. Given the vertices A, B and C of a triangle: A = 0, f , If; 
B = f , li, f ; O = If, i, 1. Find the lengths of the edges of the 
triangle by revolving it into H about the H trace of its plane. 

47. Find the traces of the plane of the three following points : 
A = 0, li, i; B = li, If, i; C = 2i, f, - f. 

48. The H projection of a line AB has a = 0, 0, — f ; 6 = 2J, 0, 
If. It lies in a plane T, with TO = 2f , 0, 0. TV has 1 = 4f , If, 0. 
TH has 2 = 0, 0, f . Find the other projection of the line AB. 

49. A = 0, — 1, — ltt. A plane T containing the point has TO 
= If, 0,0. TH has 2 at 3f , 0, li. Find TV. 

Analysis:— Since the point lies in the plane, a line of the plane 
may be drawn to pass through it, and by means of its traces, the 
required trace of the plane can be found. 

Construction:— Draw any line through the point A, and lying in 
the plane T, preferably a vertical of the plane. Its H projection 
will be parallel to the G.L. Where it cuts TH prolonged is the H 
projection of its H trace ; the V projection of its H trace is on the 
G.L. at the foot of a perpendicular through the H projection. The 
vertical projection, of the vertical of the plane, goes through the 
vertical projection of the H trace and the point a' . The V trace 
of T is parallel to this line and goes through TO. 

50. AB and CD are two intersecting lines. A = 0, — |, J and B 
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51. 




TV T« 


, TH 








,,a' 




53. 



54. 



= 2, 2|, li; C = *, 2i, If, and D* = 3f , — , 0. A point O lying in the 
plane of AB and CD, has o' = 1}, {, 0. Find o without using the 
traces of the plane of the lines. 

To Follow Section 61, Page 43. 

51. Draw a line through the point A and parallel to the plane T. 

52. Draw a line through the point A and parallel to the plane T. 

53. Draw a line through the point A and parallel to the plane T. 

54. Draw a line through the point A and parallel to the plane T. 



a' 



TH 



TV 



■ 

1 
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56. 



d bb' 

aa 



^f^f 



S 



67. 



58. 



55. A is a point in the plane T. Draw a line through the point 
B and parallel to the plane T, which is not a horizontal line. 

To Follow Section 62, Page 44. 

56. Pass a plane through the line AB and parallel to the line CD. 

57. Pass a plane through the line AB and parallel to the line CD. 



* When a coordinate is left with a — , It means that It Is to be found. It Is 
Impracticable to give by coordinates, four points accurately on two Inter- 
secting lines. 
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63. Fmi * pi 

AB a^d CD, 



throogh the point P mad parallel to the lines 



through the point P and parallel to the lines 



64, Fa** a plane through the point P and 
JJfi** A J* *cd CD. 



parallel to the two 



To Follow Sectios 56, Pagk 43. 
66. T and 8 are two planes with TV and TS at 45* to the G.I,, 
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towards the right; TV intersects the G.L. at 0, V 0; SV intersects 
the G.L. at 1, 0, 0. The H traces of both intersect at 3i, 0, J. Find 
their line of intersection. 

66. T and S are two planes. T is perpendicular to V; TV 
making 45° with the G.L. toward the left, catting same at 3i, 0, 0. 
S outs the G.L. at 2, 0, 0; SV makes an angle of 60° with the G.L. 
towards the left, and SH, 30° with the G.L. in front of, and to the 
right. Find the line of intersection of the two planes. 

67. T and S are two planes. TV is perpendicular to the G.L., 
cutting it at 0, 0, 0; TH makes an angle of 30° with the G.L. in 
front of and toward the right. SH is perpendicular to the G.L., 
cutting it at 3, 0, 0; SV makes an angle of 45° with the G.L., above 
and toward the left. Find the line of intersection of the two 
planes. 

68. T and S are two planes. TH and SH are perpendicular 
to the G.L. and cut the latter, respectively, at f , 0, and 2J-, 0, 0. 
Their V traces intersect each other at a point 0, 2i, 0. Find the 
line of intersection of the planes. 

To Follow Section 57, Page 51. 

69. T is a plane intersecting the G.L. at 0, 0, 0. TV makes an 
angle at 30° with the G.L. and TH, 45° with the G.L., both toward 
the right. A line has both projections parallel to the G.L. and 
goes through the point A = 0, 1, li. Find where the line pierces 
the plane. 

70. AB is a line, with A = 0, - li, - f , and B = li, li, f. Find 
where it pierces a plane T with TV perpendicular to the G.L. and 
outting the latter at 2$, 0, 0, and TH making an angle of 30° with 
the G.L. toward the left. 

71. A line AB has A = 0, li, i, and B = 0, 1, 1. A plane T has 
TV and TH coinciding and at 30° to the G.L. above and toward the 
left. Find where the line AB pierces the plane T. 

72. A plane T has both traces parallel to the G L. TV li inch 
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73. 



74. 



75. 



of 
76. 



above it, and TH, 1} inch in front of it. A line has A = 0, i, — i, 
and B = 1&, H, — 1J. Find where the line AB pierces the plane T. 

To Follow Section 59, Page 53. 

73. Through the point O, pass a plane perpendicular to the 
line AB. 

74. Through the point O, pass a plane perpendicular to the 
line AB. 

75. Through the point O, pass a plane perpendicular to the 
line AB. 

76. Through the point O, pass a plane perpendicular to the 
line AB. 

To Follow Section 60, Page 55. 

77. Plane T is perpendicular to H and V at 0, 0, 0. A point O 
is at |, f , •}. Find the distanoe from the point O to the plane T. 

78. Plane T is perpendicular to H, makes an angle of 20° with 
V, cuts O.L. at 0, 0, 0. A point O is at }, J , }. Find its distance 
from the plane T. 

79. T has its V trace parallel to the G.L., $ inch above it, its H 
trace is parallel to the G.L., i inch in front of it. O is a point at 
0, — |, — f. Find its distance from the plane T. 

BO. A plane T is perpendicular to V and makes 20° with H., 
cutting the G.L. at 0, 0, 0. A point O is at $, 0, f. Find its 
distance from the plane T. 
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8L A plane T has its V trace parallel to the G.L., f inch below 
H, its H trace parallel to the G.L., f inch back of V. O is any 
point on the G.L. Find its distance from the plane T. 

82. A plane T has both traces parallel to the G.L. and coincid- 
ing; and 4 inch above it. A point O is at 0, — f, f. Find its 
distance from the plane T. 

To Follow Section 63, Page 58. 

83. A = 0, 0, f ; B = 1}, 1*, 1}; C = f , A, f ; D = A, *, — . Find 
the angle between the lines AB and CD. 

84. A plane T has V trace at 45° with the G.L. above and 
towards the right, and H trace at 30° with the G.L. below and 
towards the left. Find the angle between the two traces. 

85. A, B and C are the vertices of a triangle. A = 0, f , If; 
B = f , H, f ; C = If, i, 1. Find its true shape and the angles 
between the sides. 

86. A = 0, - f, - i; B = 1, - f , - f; C = i, - 1, - f. Find 
the angle between the lines AB and BC. 

87. A = 0, — S, - f ; B = 0, - f, 0; C = i, - 1, - f . Find the 
angle between the lines AB and BC. 

88. A = 0, If, — 1; B = 0, f, 0; C = 0, - f, - 1. Find the 
angle between the lines A B and B C. 

89. Given a plane T whose traces coincide and make an angle 
of 45° with the G.L. Choose any point on the plane, not on either 
trace, and draw two lines lying in the plane and making an angle 
of 60° with each other. 

QO. Given a plane T with TO = 0, 0, 0. A point 1 on the V 
trace = 2f, — f , 0, and a point 2 on the H trace = 2}, 0, If. A line 
AB in it has A = 1, H, 0, and B = 2, 0, — . Draw a line in the 
plane making an angle of 90° with AB. 

91. A line AB has A = 0, — f , f ; B = 2f , J , - i. Pass a plane 
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through the line and parallel to the G.L. At a point O, which 
divides the line AB in the ratio of 5 to 4, draw a line making 90° 
with it and lying in the plane passed through it. 

92. O = 5, — J, — i. It is a point in a plane T, which is per- 
pendicular to H and makes an angle of 30° with V. Draw two 
lines through O making an angle of 60° with each other. 

93. O = 0, — f , — ±. It is a point in a plane containing the 
G.L. draw two lines through O and in the plane making an angle 
of 120° with each other. 
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97. 



To Follow Section 66, Page 69. 

94. Project the line AB on the plane T. 

95. Project the line AB on the plane T. 

96. Project the line AB on the plane T. 

97. Project the line AB on the plane shown. 



TV 



TH 
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a 



b 
100. 



98. Project the line AB on the plane T determined by the 
point C. 
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00. Project the line AB on the plane T. 
100. Project the line AB on the plane T. 







101. 



102. 



103. 



104. 



To Follow Section 68, Page 62. 
lOL Find the angle between the planes T and S. 

102. Find the angle between the planes T and S. 

103. Find the angle between the planes T and S. 

104. Find the angle between the planes T and S. 
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108. 



105. Find the angle between the planes T and S, the latter be- 
ing determined by the point O. 

106. Find the angle between the planes T and S. 

107. Find the angle between the planes T and S. 

108. Find the angle between the planes T and S. 

To Follow Section 77, Page 75. 
100. A plane T has both traces coinciding and making an angle 
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of 45° with the O.L. toward the right. Draw the projections of a 
triangular pyramid of 2} inches altitude, and equilateral triangular 
base one inch on a side, an edge of the base in H and plane of base 
in T. 

HO. A plane T has TV at 60° to the O.L. above and to the right. 
TH at 45° to the G.L., below and toward the right. A base of a 
cube lies in it with one corner in V and a diagonal of the base par- 
allel to V. The cube is 11 inches on edge. Draw its projections. 

111. Find the locus of points equi-distant from the two points : 
A = 0, 1, f ; and B = If, li, If. 

112. Find the locus of points in space equi-distant from the two 
following planes, T and S. Point 1 of T*= 0, i, 0, and 3 = 2±, ±, 0. 
Point 2 = 0, 0, 1, and 4 = 2i, 0, 1. Point 1 of S = 0, If, 0, and 3 = 
2f , If, 0. Point 2 = 0, 0, 1, and 4 = 24, 0, 1. 

113. Find the locus of points in space equi-distant from the 
points: A = 0, 1, f, and B = i, f , A, and C = 1A, U, 2. 

To Follow Section 83, Page 82. 

114. A = 0, 1A, i; B = 1, 0, 0,; C = If, If, i. Find the locus of 
points in space equi-distant from the lines AB and BC. 

115. N = 0, - i, - If; P = f, - If, - 1; O = If, - *, - A. 
Draw the locus of points in space equi-distant from the lines NO 
and OP. 

To Follow Section 102, Page 101. 

116. MN is the axis of an oblique cylinder, with circular base 
li inches in diameter, in H. M = 0, 0, i; N = 2, If , If. The bases 
are parallel; O, P and Q are points on the surface; o' = $, f , 0; p' 
= 1, If, 0; q = 2J-, 0, f ; find their corresponding projections; draw a 
tangent plane to the cylinder at Q. 

* 

117. MN is the axis of an oblique cylinder, having a circular 
base in H, li inches in diameter. The bases are parallel; M = 0, 

* The odd numbers are points on the V trace, the even those on the H trace. 
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0, 1; N = li, li, li. P is a point on the cylinder at i, li, — ; draw 
a plane tangent to the cylinder at P; draw another plane normal 
to the cylinder at the point P. 

To Follow Section 114, Page 112. 

118. Develop the cylinder of problem 117. 

To Follow Section 117, Page 116. 

119. A righ circular cone of } inch diameter of base, 1} inches 
altitude, has its axis parallel to, and equi-distant from, V and H in 
the 3rd angle; center of base is at 0, — |, — f. A point P on its 
surface has its H projection at A, 0, — 1. Draw a plane tangent 
to the cone at P. 

120. An oblique cone, with circular base in H, li inches in 
diameter, and center on the G.L, at 0, 0, 0, has apex at 1A, li, 1A. 
A point P on its surface is at A, — , |; draw a tangent plane to the 
cone at P. 

To Follow Section 119, Page 119. 

112. An oblique cone, with circular base in H, li inches in 
diameter, and center on the G.L. at 0, 0, 0, has apex at 1 A, li, 1A. 
A line MN has M = li, A, — A; N = 2i, 1,-1; draw a tangent 
plane to the cone and parallel to the line MN. 

122. A right circular cone, of } inch diameter of base 1} inches 
altitude, has its axis parallel to, and equi-distant from, V and H, 
in the 3rd angle; center of base is at 0, — 4, — |. A line BC has B 
= 2, — |, — A; C = 2 J, — i, — 1. Draw a plane tangent to the 
cone and parallel to the line BO. 

123. A right circular cone has base in H, 2 inches in diameter, 
2i inches altitude, and center at 2i, 0, li. MN is a line with M = 
0, i, li, and N = li, li, i. Pass a plane tangent to the cone 
and parallel to the line MN. 

124. Discuss the conditions of problem 123 when (1), the given 
line has the same inclination to the plane of the base of the cone 
that the elements of the cone do; (2), when the given line makes a 
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less angle, with the plane of the base of the cone, than the elements 
do. 

To Follow Section 123, Page 122. 

125. An oblique cone has apex at 0, If, 2. The base touches H 
at the point If, 0, If, is a oirole in H projection, and its plane is 
perpendicular to V and makes an angle of 30° with H. A plane T, 
perpendicular to the axis of the cone, cuts the G.L. at f, 0, 0. 
Find the curve of intersection of the cone and the plane. 

To Follow Section 126, Page 125. 

126. Develop the cone of problem 125. 

To Follow Section 150, Page 161. 

127. Draw the contour of an oblique helicoid of uniform pitch, 
with the following conditions: One helical directrix, 1± inches In 
diameter, second helical directrix, 4 inches in diameter; pitch of 
helices 4 inches; angle of elements with the axis 15°. Take the EC 
plane perpendicular, and the V plane parallel to the axis of the 
helical directrices. Plot the curves of at least three points of the 
generatrix, in addition to those in which it touches the two given 
directrices. 

128. Draw the contour of a right helicoid of uniform pitch, with 
the following conditions: One helical directrix H inches in 
diameter, second helical directrix 4 inches in diameter, pitch of 
helices 4 inohes. Take the H plane parallel to the plane director, 
and the V plane parallel to the axis of the helical directrices. 
Plot the curves of at least three points of the generatrix, In 
addition to those in which it touches the two given directrices. 

To Follow Section 159, Page 168. 

120. An oblate spheroid rests on H and touches V. The 
minor axis is vertical and is 2 inches long, touching H at 3, 0, H; 
the major axis is 2i inches long. P is a point on the upper 
surface, and its V projection is at 3}, li, 0. Pass a plane through 
P and the minor axis. Show the curve of intersection of the plane 
with the spheroid; draw a plane tangent to the surface at P. 
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To Follow Section 161, Page 170. 

130. A sphere, 2i inches in diameter, rests on H, with center 
H inches from V in the 1st angle. A point P, on the front 
surface of the sphere, has its V projection | inch above the 
center and i inch to the right. Draw a plane tangent to the 
sphere at the point P. 

131. An ellipsoid of revolution has a major axis If inches long, 
minor, H inches. It lies in the 3rd angle, touching the H plane, 
the major axis is parallel to V, 1 inch from it, and is perpendicular 
to H. A point P, on the surface, has its V projection f inch to 
the left of the axis, and If inch below H. Draw a plane tangent to 
the surface at the point P. 

• 

132. A circle, 1 inch in diameter, revolves about a vertical axis 
which touches H at a point H, 0, 1|, thus generating a torus. 
The center of the circle is at a distance of 1 inch from the axis, 
and the torus rests on H. A point upon the surface is at a distance 
of $ inch from the axis and li inches from V; it may have several 
positions, show them and pass planes tangent to the surface at 
eaoh. 

To Follow Section 167, Page 180. 

133. A line AB has A = 0, 0, 3i; B = 2f , 3, li; it revolves about 
an axis perpendicular to H, whose H projection is the point li, 0, 
1}, thus generating a hyperboloid of revolution of one nappe. 
Draw the upper base generated by the point B, and the lower, 
generated by the point A; draw the circle of the gorge, and the 
principal meridian plane; draw through B an element of the 
second generation. 

Locate a point P, on the surface, at If, — , 1); a point R at i, 
}, — . Draw a plane tangent to the surface at P. 

Find the curve of intersection, with a plane S, cutting the G.L. 
at 3f , 0, 0, and whose V and H traces make angles of 30° with the 
G.L. toward the right, above and below the G.L., respectively. 

To Follow Section 174, Page 187. 

134. Two oblique cones, with circular bases in H, intersect each 
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other. One eone has base 2i inches in diameter, its center being 
at 0, 0, 2, and apex at 2£, 3i, }; the other cone has base 3 inches in 
diameter, its center being at 2J, 0, 2f , and apex at t, 2±, |. Draw 
the curve or curves of intersection of the two cones, using: * 
sufficient number of points to obtain a good curve. 





135. 136. 

135. Prove that the point C does not lie on the line AB. 

136. Prove that the two lines AB and CD do not lie in the 
plane T. 

137. A = 0, f , f ; B = |, li, }; P = If, J, h A plane T has TO 
= If, 0. 0; TV makes an angle of 45° with the O.L. above and to 
the right; TH makes an angle of 45° with the G.L. below and to 
the right. Draw, through P, a plane parallel to the line AB, and 
perpendicular to the plane T. 

138. P = 0, 1, *; A = i, i, 1; B = 2|, f f £. Draw a plane through 
the line AB and distant 1 inch from P. 

139. A plane T has TO = 0, 0, 0; TV makes an angle of 30° with 
the O.L. above and to the right; TH makes an angle of 45° with 
with the G.L. below and toward the right. A point A, in the 
plane, is at 1, f , — . Through A draw a line making an angle of 
30° with H. 

140. A line AB makes an angle of 30° with H ; its V trace, A, 
is at 0,1, 0; the end B has its H projection at If, 0, 1. Draw a 
line through the H trace of AB, lying in H, and making an angle 
of 45° with AB. 
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14L 

141. Given the two pulleys as shown, and In 3rd angle project- 
ion, and, assigning dimensional values to them, etc., find the 
position of the center, and the direction of the axis of an idler, of 
any given diameter, which will take the belt from the left hand 
pulley and deliver it to the right hand one without its slipping off. 



142. 




^^ 



2r 



1 



143. 



& 



142. Assigning numerical values to the edges of the form 
shown, find: 

(1). The angles between the sides of the solid. 
(2) . The angles of the bevel of the edges between the different 
sides. 

143. Find the curve of intersection between the stem and end 
of the connecting rod as shown. 
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144. 

144. Given the 'two way' fine, as shown, and assigning dimen- 
sional values to the form, develop each piece as for sheet metal 
work. 




145. 



145. Given the form shown, which is a 'cylindrical to square 1 
offset, develop it by triangulation, as discussed in the appendix, 
namely, take four triangles, whose bases are the edges, respec- 
tively, of the square opening, and whose apexes are in the 
cylindrical portion below. Between these, divide the cylindrical 
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opening into a number of parts, the bases of another set of 
triangles whose apexes are in the corners of the square opening 
above. 





146. 



147. 



146. Given the form shown, which is a cylindrical chimney 
above a square opening, and, assigning to it dimensional values, 
develop the surface, as for sheet metal work, by the method of 
triangulation described in the appendix, namely, take first, four 
triangles, whose bases are, respectively, in contact with the four 
lower edges, and apexes in the neck above; then a series of 
triangles whose bases are contiguous and form part of the neck, 
with sides touching and apexes at the corners where the four 
lower edges meet. 



147. Develop the frustum of the conical figure shown, by the 
method of triangulation discussed in the appendix, namely, divide 
the surface into a number of triangles, whose bases are oppositely 
directed, and lie in the upper and lower bases of the form, respec- 
tively, and whose sides are touching one another. 
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148. 



148. Given the form shown, which is analogous to the slope 
sheet of a locomotive boiler, and assigning dimensional values to 
it, develop it, as for sheet metal work, by the method of triangula- 
tion, discussed in the appendix, namely, divide the upper and 
lower bases into a large number of equal parts; let the spaces 
between the divisions be the bases of a set of triangles, one set in 
the upper curve, the other set in the lower curve, and the apexes 
of each set in the opposite curve, the edges of the triangles 
coincident. 



149. Given the form shown, which is a 'round to flat' flue, and 
assigning dimensional values to it, develop it as for sheet metal 
work, by the method of triangulation as described in the appendix 
namely, take two triangles, with apexes at a and d, respectively 



EXERCISES 



221 




149. 

and with bases 6© and ef respectively; then, divide up the remain- 
der of each base into a large number of parts, each one into the 
same number. Regard the divisions in each base as the bases of 
a set of triangles with apexes in the opposite base, at the points 
of division on that base. 
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Alphabet of the line 26 

Alphabet of the plane 12 

Alphabet of the point 6 

Analysis defined 24 

Angles, to draw a line through 
a given point at a given 
angle to an oblique plane 79 

Angle of a plane with a co- 
ordinate plane, being 
given, and the trace with 
that plane, to find the 
other trace 68 

Angle of a plane with a co- 
ordinate plane being 
given, and the trace with 
the corresponding coordi- 
nate plane, to find the re- 
maining trace 70 

Angle, to draw a plane at a 
given angle to another 
and through a given 
line 65 

Angles, dihedral 3 

Angles between lines 58, 59 

Angles, a line making given 
angles with the coordi- 
nate planes 45 

Angles a line makes with both 
coordinate planes, to find 
its projections 73 

Angles, lines lying in four dihe- 
dral angles 25 

Angles a line makes with a 

plane 61 

Angles between two planes 62 

Angles between two planes, by 
change of coordinate 
planes 66 

Angles, given the angles a 
plane makes with both 
coordinate planes to find 
both traces 72 

Appendix 197 
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Approximate development .... 198 

Archimedian spiral in classifi- 
cation 86 

Archimedian spiral defined.... 88 
Archimedian spiral as the trace 
of an oblique helicoid 
and a plane 163 

Asymptote defined 93 

Auxiliary sphere, used to ob- 
tain traces of a plane 
with coordinate planes.. 72 

Axes of reference 8 

Axis of a cone defined 115 

Axis of a hyperbolic paraboloid 154 

Base of a cone defined 115 

Base of a cylinder defined.... 99 
Center of projection 3 

Change of coordinate planes 
for angle between two 
planes 66 

Change of coordinate planes 

for a line 31, 39 

Change of a coordinate plane 

with respect to a plane. 40, 41 

Change of coordinate planes 

with respect to a point. 17, 18 

Characteristic name for a cone. 115 

Circle through three given 

points 77 

Circle as a locus 80 

Circle, in classification 86 

Circle, involute of, classified.. 86 

Circle defined 87 

Circular, right circular cone of 
revolution; cylinder of 

revolution 91 

Circular, to develop a right 

circular cylinder HO 

Circle as intersection of sur- 
faces of revolution hav- 
ing a common axis 171 
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Circle of the gorge of a surface 

of revolution 167 

Circle of the gorge of a hyper- 

boloid of revolution .... 175 

Classification of lines 86 

Classification of surfaces 91 

Cone, axis of, defined 115 

Cone, base of, defined 115 

Cone, in classification 91 

Cone, defined 88, 155, 166 

Cones, intersection of two 187 

Cone, intersection of, and a 

convolute 191 

Cone, intersection of, and a cyl- 
inder 189 

Cone, intersection of any, by a 

plane 120 

Cone, nappe of, defined 116 

Cone, oblique, defined 115 

Cone, to develop 122, 124, 125 

Cone, to draw a plane normal 
to, at a point on the sur- 
face 119 

Cone, to assume a point on 116 

Cone, plane tangent to and par- 
allel to a line 119 

Cone, plane tangent to, at a 

point on surface 116 

Cone, plane tangent to, through 

a point outside 117 

Cone of revolution defined 115 

Cone, of revolution, right cir- 
cular 91 

Conical helix classified 86 

Conical helix defined 88 

Conies defined 86, 87 

Conoid, in classification 91, 140 

Conoid defined 155 

Conoid, intersection of, and 

plane 161 

Conoid, to assume a point on, 
and to draw a plane tan- 
gent at the point 156 

Conoid, right elliptical, defined 158 

Conoid, right helical defined... 155 
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Consecutive elements of a sin- 
gle curved surface lying 
in a tangent plane to the 
surface 98 

Consecutive positions of a mov- 
ing point defined 83 

Contour elements of a solid... 107 

Conventions 13 

Convolute, in classification 91 

Convolute defined 89, 126 

Convolute, helical, to represent 129 

Convolute, helical defined 126 

Convolute, helical, to develop.. 137 

Convolute, helical, to draw a 
plane tangent to and par- 
allel to a line 135 

Convolute, helical, intersection 

of, with a plane 132 

Convolute, intersection of, with 

a cone 191 

Convolute, intersection of, with 

a cylinder 191 

Convolute, to assume a point 
on, and to draw a plane 
tangent to 131 

Coordinate axes 8 

Coordinate planes, line parallel 

to both 19 

Coordinate plane, line perpen- 
dicular to 20 

Coordinate planes of projection 

defined 1 

Coordinate planes of projection, 
angles a line makes with 
both, to find its projec- 
tions 73 

Coordinate planes of projection, 
angles a plane makes 
with both, to find its pro- 
jections 72 

Coordinate planes of projection, 
change of, for angle be- 
tween two planes 66 

Coordinate planes of projection, 

change of, for a line. .31, 39 

Coordinate planes of projection, 
change of, with respect 
to a plane 40, 41 
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PAGE 

Coordinate planes of projection, 
change of, with respect 
to a point 17, 18 

Coordinate planes of projection, 

distance of a point from.6, IS 

Coordinate planes of projection, 
line making given angles 
with 45 

Coordinate planes of projection, 

revolution of 4 

Coordinate planes of projection, 

trace of, with a line. .21, 22 

Curvature, curve of double, 
formed by the motion of 
a plane intersecting in 
successive elements of.. . 84 

Curvature, development of sur- 
face of single 108 

Curvature line moving tangent 

to a curve of double 126 

Curvature, a right line tan- 
gent to a curve of single. 

defined 94 

Concourse, point of, defined. . . . 143 
Corresponding, use of word. ... 14 
Corresponding projection of a 

point on a line 15 

Corresponding trace of project- 
ing plane of a line 15 

Curve defined as envelope of a 

moving line 84 

Curve of double curvature, 
formed by the motion of 
a plane intersecting in 
successive elements of 
the curve 84 

Curve of intersection of a plane 

and a surface 107 

Curve, the meridian curve of a 
hyperbolold of revolution 
is a hyperbola 178 

Curve, meridian curve of a sur- 
face of revolution 167 

Curve, projection of, defined ... 92 

Curve, a right line tangent to a 
curve of single curvature 
defined 94 

Curve, tange&cy of two, defined 94 
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Curve, to draw a tangent to an 

irregular plane, 95 

Curved lines classified 86 

Curved, double curved lines de- 
fined, also single ....84, 88 
Curved, double, surfaces class- 
ified 91 

Curved, double, surfaces defined 89 

Curved, double, surfaces of rev- 
olution 91 

Curved, single, surfaces, two 
consecutive elements ly- 
ing in a tangent plane to 98 

Curved, single surface, the cyl- 
inder defined 98 

Curved, single, surface, develop- 
ment 108 

Curved, single, surface, inter- 
section with a surface of 
revolution 194 

Curved, single, surface, to as- 
sume point on 99 

Curved, single, surface, to as- 
sume an element on. . . . 100 

Cycloid, in classification 86 

Cylinder defined 88, 98, 166 

Cylinder, to develpp a 112 

Cylinder, to develop a right cir- 
cular . . 110 

Cylinder, in classification 91 

Cylinder, intersection of cone 

and 189 

Cylinder, intersection of. and a 

convolute 191 

Cylinder, intersection of two.. 186 
Cylinder, intersection of a right 

circular, and a plane.... 108 • 

Cylinder, normal plane to, at 

a point 105 

Cylinder, plane normal to, also 

parallel to a line 106 

Cylinder, projecting, of a solid. 107 

Cylinder, right circular, in 

classification 91 

Cylinder, to draw a plane tan- 
gent to, and parallel to a 
line 103 
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PAGE 

Cylinder, to draw a plane tan- 
gent to, at a point on . . . .101 

Cylinder, to draw a tangent 
plane through a point 
outside 102 

Declivity, line of greatest 57 

Definition 86, 87 

Degree of an equation, the maxi- 
mum number of times 
a line may cut a curve 93 
Descriptive geometry, defined . . 1 
Descriptive geometry, proper 

study of 24 

Develop, to, any cone in gen- 
eral 124 

Develop, to. an oblique cone . . 125 
Develop, to. an oblique cylinder 112 
Develop, to, a helical convolute 137 
Develop, to, a right circular 

cone 122 

Develop, to, a right circular cyl- 
inder 110 

Develop, to, a surface of single 

curvature 108 

Development, . approximate 198 

Diametral planes of a hyper- 
bolic paraboloid 150 

Dihedral angles 3 

Dihedral angles, lines connect- 
ing points in different . . 25 

Directrix, defined 87 

Directrix, helical 123 

Distance of point from coordi- 
nate planes 6, 18 

Distance from a point to a line 70 

Division, the projection of any 
division of an angle be- 
tween lines 59 

Double curvature, line moving 

tangent to a curve of . . . 126 

Double curvature, curve of, 
formed by the motion of 
a plane intersecting in 
successive elements of 
curve 84 

Double curved lines classified 86 

Double curved lines defined . . 84 
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Double curved surfaces classi- 
fied 91 

Double curved surface de- 
fined 89, 165 

Double curved surface, plane 

tangent to 165 

Double curved surfaces of revo- 
lution in classification... 91 

Eccentricity, defined 80 

Element, to assume, on a 

cone 116 

Element, to assume, on single 

curved surface 100 

Element of path traced by a 

moving point 83 

Element of tangency defined... 98 

Elements consecutive, lying in 
a plane tangent to a 
single curved surface. . . 98 

Elements of contour defined... 107 

Ellipse, defined 87 

Ellipse in classification 86 

Ellipse, as a locus 80 

Ellipsoid of revolution in classi- 
fication „ 91 

Ellipsoid of un equaled axes de- 
fined 92 

Elliptical cylinder defined 99 

Elliptical hyperboloid in classi- 
fication 140 

Elliptical hyperboloid defined.. 140 

Elliptical cone, oblique 117 

Elliptical conoid, right, de- 
fined 158 

End plane, line parallel to ... 20 

End plane, trace of a line with 

23, 24 

End vertical plane 1, 3 

End vertical plane, ground 

line 13 

Envelope, curve defined as the, 

of a moving line 84 

Epicycloid in classification 86 

Epicycloid defined 87 

Equiangular spiral in classifica- 
tion 86 



INDEX 



227 



PAGE 

First and third angle projection 

discussed 197 

Focus defined 80 

Front vertical plane 1, 3 

Geometry, descriptive defined.. 1 

Geometry, projective, defined.. 2 

Generation of double curved 

surfaces 166 

Generation, method of, of sur- 
faces 91 

Generation of a cone defined . . 115 

Generatrix of a cylinder 99 

Generatrix defined 87 

Generic name for cone 115 

Gorge, circle of the, of a hyper- 

boloid of revolution 175 

Gorge, circle of the, of a sur- 
face of revolution 167 

Gorge plane, of hyperboloid of 

revolution 175 

Gorge plane of a surface of 

revolution 167 

Graphical locii 81 

Ground line 3 

Ground line with end vertical 

plane 13 

Ground line as projection of V 

and H planes 20 

Gussett, method of develop- 
ment 198 

Hi plane, supplementary 18 

Helical conoid. intersection 

with, and a plane 161 

Helical, conoid, oblique 156 

Helical, conoid, right, defined.. 155 
Helical convolute, intersection 

with a plane 132 

Helical convolute defined 126 

Helical convolute, to develop. . 137 
Helical convolute, plane tangent 

to and parallel to a line 135 
Helical convolute, plane tangent 
to, through a point out- 
side 133 

Helical convolute, to assume 
point on and draw a tan- 
gent plane to 131 
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Helical convolute, to represent 129 

Helicoid, in classification 91 

Helicoid, right and oblique, etc., 

defined 158 

Helicoid, oblique, classified 140 

Helicoid, oblique, to assume 

point on 161 

Helicoid, oblique, the point of 
tangency of a plane 
with 164 

Helicoid, oblique, trace of with 
a plane, an arch i median 
spiral 163 

Helicoid, right, classified 140 

Helicoid, right, illustrated 162 

Helix, angular pitch 128 

Helix, classified 86 

Helix, conical, defined 88 

Helix, defined 87, 126 

Helix, linear pitch 128 

Horizontal plane l, 3 

Horizontal of a plane 37 

Horizontal projecting line 5 

Hyperbola in classification ... 86 

Hyperbola, defined 87 

Hyperbola, as a locus 80 

Hyperboloid, elliptical classified 140 

Hyperboloid of revolution, the 

meridian curve of 178 

Hyperbolic paraboloid, its axis. 154 

Hyperbolic paraboloid, in class- 
ification 91, 140 

Hyperbolic paraboloid defined 

141, 146 

Hyperbolic paraboloid, diame- 
tral planes of, 150 

Hyperbolic paraboloid, a plane 
tangent to and through 
a line 155 

Hyperbolic paraboloid, plane 
tangent to, at a point on 
the surface 149 

Hyperbolic paraboloid, to 

assume a point on, .147, 154 
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Hyperbolic paraboloid, its pro- 
jections and sections by 
coordinate planes, and 
tangent plane at any 
point 151 

Hyperbolic paraboloid, theorem 

12 143 

Hyperbolic paraboloid, theorem 

13 144 

Hyperbolic paraboloid, the ver- 
tex of 154 

Hyperbolic spiral, in classifica- 
tion 86 

Hyperboloid of revolution, in 

classification 91, 140 

Hyperboloid of revolution, de- 
fined 90, 173 

Hyperboloid of revolution, in- 
tersection by a plane... 178 

Hyperboloid of revolution, me- 
ridian curve is a hyper- 
bola 178 

Hyperboloid of revolution, to 
assume point on and 
draw tangent plane to... 180 
Hypocycloid, in classification.. 86 
Hypocycloid defined 87 

Indeterminate projections of a 

line 15 

Indeterminate position of a 

plane 11 

Intersecting, angle between two, 

lines 58, 59 

Intersection of two cones .... 187 

Intersection of a cone and con- 
volute 191 

Intersection of a cone and a 

cylinder 189 

Intersection of a cylinder and 

convolute 191 

Intersection of two cylinders.. 186 
Intersection of a cone and plane 120 
Intersection of an oblique heli- 
cal conoid with a plane. . 161 
Intersection of a helical convo- 
lute and a plane 132 



Intersection of a plane and hy- 
perboloid of revolution.. 182 

Intersection, line as, of two 

planes 38 

Intersection, line of, of two 

Planes 47, 48 

| Intersection of two bodies 

bounded by plane faces. . 184 
Intersection of two pyramids.. 185 
Intersection of surfaces 183 

Intersection of a surface and a 

plane 107 

Intersection of a single curved 
surface and surface of 
revolution 194 

Intersection, point of, of two 

lines 16 

Intersection of a right circular 

cylinder and a plane ... 108 

Intersection of surfaces of revo- 
lution, general cases ... 192 

Intersection of surface of revo- 
lution by a plane 172 

Intersection of two surfaces of 

revolution 171 

Intersection of surfaces of revo- 
lution having a common 
axis 192 

Intersection of surfaces of revo- 
lution, axes in the same 
plane 192 

Intersection of surfaces of revo- 
lution, axes not in the 
same plane 194 

Intersection, as a trace 11 

Involute of a circle, in classifi- 
cation 8G 

Line, alphabet of 26 

Line, making given angles with 

a coordinate plane 45 

Line, angles made with both co- 
ordinate planes 73 

Lines, angle between. 58, 59 

Line, angle it makes with a 

plane 61 

Lines classified 86 

Lines, double curved, defined.. 84 



INDEX 



229 



PAGE 

Line, change of coordinate 

planes for 31 

Lines as determining a plane. . 11 

Line, distance from a point to. . 70 

Line of greatest declivity 57 

Lines, notation for 13 

Lines, projecting 2 

Lines, projecting planes of . . . 15 

Lines generating a surface by 

motion 88 

Lines, horizontal projecting. .4, 5 

Line, indeterminate projections 

of 15 

Line, the intersection of two 

planes 47, 48 

Lines, point of intersection of 

two 16 

Lines, length of, by change of 

coordinate planes 32 

Line, length of by revolution.. 32 

Line, path of moving point ... 83 

Line, normal to a surface de- 
fined 97 

Line, to draw, parallel to a 

plane through a point. . . 43 

Line, parallel to both coordi- 
nate planes 19 

Line parallel to a plane 20 

Line perpendicular to a coordi- 
nate plane 20 

Line perpendicular to a plane.52, 53 

Line, plane through, and a 

point 37 

Line, plane through one, and 

parallel to another 44 

Lines, the common perpendicu- 
lar of two non-intersect- 
ing lines, 67, 68 

Line, to project on any oblique 

plane 59 

Line connecting points in dif- 
ferent angles 25 

Line, to designate a point on.. 15 
Lines, perpendicular and one 
parallel to a coordinate 
plane 57 

Line, projecting 5 
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Lines, projections of, fully de- 
termined 14 

Lines, corresponding trace of 

the projecting plane of . . 15 

Line, revolution of a point 

about 27, 31 

Lines, right, defined 84 

Lines, single curved, defined... 81 

Line, tangent to a curve, de- 
fined 93, 94 

Line, traces of 20, 21, 22 

Line, trace of with any plane. 51 

Line, trace of with an end 

plane 23, 24 

Line, traces of, to contain a... 37 

Line, the traces of its project- 
ing plane 14 

Line, rule to find the traces of, 

with a surface 108 

Lines, vertical projecting 4 r 5 

Linear pitch of a helix 128 

Locii, defined 80 

Locus, the circle, ellipse, hyper- 
bola, parabola as a 80 

Locus of points equidistant 

from two planes 81 

Locus of points equidistant 

from three points 81 

Locus of projecting perpendic- 
ulars 14 

Logarithmic spiral In classifi- 
cation 86 

Meridian curve of a surface of 

revolution 167 

Meridian curve of a hyperbo- 
loid of revolution Is a hy- 
perbola 17S 

Meridian plane of a surface of 
revolution at a point is 
perpendicular to the tan- 
gent plane through the 
point 170 

Nappe, of a cone defined 116 

Non-intersecting lines, the com- 
mon perpendicular to . . . 68 

Non-intersecting lines as ele- 
ments of a warped sur- 
face 141 
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Normal to a curve, defined.... 94 

Normal to a surface, defined. . . 97 

Normal plane to a cone through 

a point on, 119 

Normal plane to a cylinder, 

through a point on . . 105, 106 

Normal plane to a surface de- 
fined 97 

Notation 13 

Oblique cone defined 115 

Oblique cone, to develop 125 

Oblique cone, elliptical 117 

Oblique conoid, in classifica- 
tion 91 

Oblique cylinder, defined 99 

Oblique cylinder, to develop... 112 

Oblique, conoid, helical, defined 156 

Oblique helicoid classified 140 

Oblique conoid, helical, inter- 
section with a plane 161 

Oblique helicoid, defined 158 

Oblique helicoid, illustrated... 162 

Oblique helicoid of varying 

pitch, classified 140 

Oblique helicoid, to assume a 

point on, 161 

Oblique helicoid, point of tan- 

gency of any plane with. 164 

Oblique helicoid. trace with a 
plane, an archimedian 

spiral 163 

Oblique hyperbolic paraboloid.. 154 

Oblique plane, change of coor- 
dinate planes for 40 

Oblique plane, to draw a line 
through a point at a 

given angle to 79 

Oblique plane, to draw a pyra- 
mid with base in 75 

Parabola, in classification 86 

Parabola, defined 87 

Parabola, as a locus, 80 

Paraboloid, hyperbolic, its axis 154 

Paraboloid, hyperbolic, in class- 
ification 91, 140 



Paraboloid, hyperbolic, de- 
fined 141. 14u 

Paraboloid, hyperbolic, diame- 
tral planes of 150 

Paraboloid, hyperbolic, tangent 

plane to, through a line. 155 

Paraboloid, hyperbolic, tangent 

plane to, at a point 149 

Paraboloid, hyperbolic, to as- 
sume a point on 147, 154 

Paraboloid, hyperbolic, projec- 
tions of, sections by coor- 
dinate planes and tan- 
gent plane to 151 

Faraboloid. hyperbolic, the ver- 
tex 154 

Paraboloid, hyperbolic, theorem 

12 143 

Paraboloid, hyperbolic, theorem 

13 144 

Paraboloid of revolution, in 

classification 91 

Paraboloid, variable, defined... 92 

Paraboloid of revolution, de- 
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Parallel, line, to a plane 20, 43 

Parallel, line, to both coordi- 
nate planes 19 

Parallel, line, to an end plane,. 20 

Parallel, plane tangent to a 
cone and parallel to a 
line 119 

Parallel planes, traces of with 

a third plane 39 

Parallel, plane normal to a cyl- 
inder and parallel to a 
line 106 

Partial penetration of one form 

with another 185 

Path, element of, traced by a 

moving point 83 

Path as a locus 80 

Penetration, complete or partial 

of one form with another 183 

Perpendicular, line, to a 

plane 52, 56 

Perpendicular, line, to coordi- 
nate plane 20 
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Perpendicular, a plane through 
a line, perpendicular to a 
given plane 79 

Perpendicular, the common, 
to two non-intersecting 
lines 67, 68 

Perpendicular, a plane, through 

a point, to a line 53 

Perpendicular, a plane tangent 
to surface of revolution 
is perpendicular to the 
meridian curve through 
the point 170 

Perpendicular, projecting, as a 

locus 14 

Perspective, defined 2 

Pitch, angular, of a helix 128 

Pitch, helicoid of uniform, de- 
fined 158 

Plane the alphabet of, 12 

Plane, angle between two.. 62, 66 

Plane at given angle with an- 
other through a line in 
the latter 65 

Plane, in classification 91 

Plane, defined 88 

Plane, the angles with both co- 
ordinate planes being 

given, to find its traces. 72 

Plane of coordinate axes 8 

Plane, end vertical, front verti- 
cal, horizontal l t 3 

Plane, indeterminate position.. 11 

Plane, notation for 13 

Plane, given to draw a pyra- 
mid with base in 75 

Planes, change of coordinate, 

with respect to a line. 31, 39 

Planes, change of both coordi- 
nate planes with respect 
to a plane 40, 41 

Planes, revolution of coordinate 4 

Planes of projection, defined ... 1 

Planes of projection for per- 
spective 2 

Planes, diametral, of a hyperbo- 

loid of revolution 150 
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Plane, gorge of, hyperboloid of 

revolution 175 

Plane, gorge, of surface of rev- 
olution 167 

Plane, intersection of any, cone 

by a 120 

Plane, intersection of, and a 

conoid, helical 161 

Plane, intersection of, and a 

right circular cylinder . . 108 

Plane, intersection of and a hy- 
perboloid of revolution.. 168 

Plane, intersecting itself in suc- 
cessive elements of a 
curve of double curva- 
ture 84 

Plane, intersecting any surface 107 

Plane, intersecting any surface 

of revolution 172 

Plane, line as intersection of 

two 38 

Plane, line of intersection of 

two 47, 48 

Plane, angle a line makes with, 61 

Planes, angle a line makes with 
both coordinate, to find 
its projections 73 

Planes, line making giving an- 
gles with coordinate 45 

Planes, coordinate, line perpen- 
dicular to 20 

Plane, the horizontal of 37 

Plane, line through a point at a 

given angle to 79 

Plane, through one line parallel 

to another line 44 

Plane, line parallel to 20 

Plane, to draw a line parallel 

to, through a point 43 

Plane, through a line and 

point 37 

Plane, line perpendicular to 

any 52 

Plane, line perpendicular to, is 
.perpendicular to any line 
in it 56 

Plane, through a line perpen- 
dicular to a plane 79 
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Plane, to project a line on any, 59 

Plane, the vertical of 37 

Plane, normal to a cone at a 

point 119 

Plane, normal to a cylinder at 

a point 105, 106 

Plane, normal to a cylinder 

through a point outside. 106 

Plane, normal to a surface, de- 
fined 97 

Plane, through three points... 35 
Plane, to assume a point in a. . 38 
Planes, locus of points equi- 
distant from two 81 

Plane through a point parallel 

to two lines 46 

Plane through a point perpen- 
dicular to a line 53 

Plane, as projected on coordi- 
nate planes ll 

Planes, projecting, of a line... 15 

Plane; revolution of supplemen- 
tary vertical 17 

Plane, tangent to a cone 116 

Plane, tangent to a cylinder 

and parallel to a line 103 

Plane, tangent to a cylinder at 
a point on, point out- 
side 101, 102 

Plane, tangent, defined 97 

Plane, tangent to a cone and 

parallel to a line 119 

Plane, tangent to a cone, 

through a point outside. 117 

Plane, tangent to a conoid at 

a point on the surface.. 156 

Plane, tangent to a double 

curved surface 165 

Plane, tangent to a helical con- 
volute i3i 

Plane, tangent to a helical con- 
volute and parallel to a 
line 135 

Plane, tangent to a helical con- 
volute through a point 
outside 133 
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Plane, tangent to a hyperbolic 
paraboloid and through a 
line 155 

Plane, point of tangency with 

oblique helicoid 164 

Plane, tangent to a hyperbolic 
paraboloid at a point on 
surface 149 

Plane, tangent to hyperboloid 
of revolution at a point 
on surface 180 

Plane, tangent to a sphere 

through a line 170 

Plane, tangent to surface of 
revolution at a point on 
surface 1^7 

Planes, tangent, to warped sur- 
faces 149 

Plane, trace of a line with co- 
ordinate , 21, 22 

Plane, traces of n 

Plane, traces of not limited... 16 
Plane, one trace given and an- 
gle with corresponding 
plane to find remaining 
trace 70 

Plane, one trace given and an- 
gle with plane of that 
trace to find the corre- 
sponding trace 68 

Plane, traces of, to contain a 

line 37 

Plane, corresponding traces of 

projecting plane of a line. .15 
Plane, traces of parallel planes 

with any other plane... 39 
Plane, trace of a line with any, 51 

Point, the alphabet of 6 

Point, change of coordinate 

planes with respect to. 17, 18 

Point, circle through three 77 

Point of concourse, defined 143 

Point, to assume, on a cone. . . 116 
Point, plane tangent to, through 

a point outside 117 

Point, on a conoid, to draw a 

tangent plane 156 

Points, consecutive 83 
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Point, to designate on a line. . . 15 
Point, distance from, to a line. 70 
Point, distance from coordi- 
nate planes 6, 18 

Point, element of path traced 

by a moving 83 

Point, to assume on a helical 

convolute 131 

Point on line in different angles 25 

Point, through given, to draw 
a line making given 
angles with any plane... 79 

Point, to draw a line parallel 

to a plane through 43 

Point, locus of, equally distant 

from two planes 81 

Point, to assume, on an oblique 

helicoid 161 

Point, to assume, on a hyperbo- 
loid of revolution and 
draw tangent plane 180 

Point, to assume, on hyperbolic 
paraboloid. and draw 
plane tangent to 149 

Point, of intersection of two 

lines 16 

Points, locus of, equidistant 

from three points 81 

Point, notation for 13 

Point, to assume in a plane. ... 38 

Points, plane through three. . . 35 

Point, plane through line and.. 37 
Points, to pass a plane parallel 

to two lines through,... 46 

Point, plane through, perpen- 
dicular to a line 53 

Point, the projections of 5, 6 

Point, corresponding projections 

of, on a line 15 

Point, the projections of, on a 
common perpendicular to 
the G. L 6 

Point, position of, determined 
by its projections, theo- 
rem 1 7 

Point, revolved about a line 27, 31 
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Point of sight 2 

Point, to assume, on single 

curved surface 99 

Point, to assume on surface of 

revolution 167 

Point of tangency defined 94 

Point approximate, of tan- 
gency of a curve and its 
tangent 96 

Principal meridian curve of a 

surface of revolution . . . 167 

Prisms, intersection of two.... 184 

Project, a line on any plane. . . 59 

Projecting cylinder of any solid 107 

Projecting lines, horizontal, ver- 
tical, etc 2, 4, 5 

Projective perpendiculars, as lo- 
cus 14 

Projecting plane of a line 15 

Projection, center of 2, 3 

Projection, corresponding pro- 
jection of a point on a 
line 15 

Projection of forms 3, 6 

Projections, to find the, of a 
line when angles with co- 
ordinate planes are given 73 

Projections of a line fully deter- 
mined 14 

Projections of a line indeter- 
minate 15 

Projections of a point 5, 6 

Projections of a point deter- 
mine its position 7 

Projective geometry 2 

Proof, form of 17 

Pyramids, intersection of two • 172 

Pyramid, to draw, with base 

in given oblique plane . . 75 

Reciprocal spiral . : 86 

Rectangular hyperbolic parabo- 
loid 154 

Rectified curve 95 

Right lines defined 84 

Right conoid, in classifica- 
tion 91 
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Right circular cone of revolu- 
tion 91 

Right circular cylinder, in 

classification 91 

Right line tangent to another, 

defined 94 

Right line tangent to curve of 

single curvature 94 

Right cylinder defined 99 

Right circular cylinder, to de- 
velop 110 

Right circular cylinder, inter- 
section by a plane 108 

Right helicoid, classified 140 

Right helical concoid, defined, 

right conoid 155 

Right circular cone, to develop. 122 

Right helicoid, defined 159 

Right conoid, elliptical, defined 158 

Revolution, cone of, defined... 115 

Revolution, hyper bolo id of, de- 
fined 173 

Revolution, hyperboloid of, 

classified 140 

Revolution, hyperboloid of, in- 
tersection by a plane 182 

Revolution, hyperboloid of, me- 
ridian curve of, is a 
hyperbola 178 

Revolution, hyperboloid of, to 
assume a point on and 
draw a tangent plane to. 182 

Revolution, hyperboloid of, has 
two systems of genera- 
tion 176 

Revolution, length of line by, 32 

Revolution, paraboloid of, de- 
fined 167 

Revolution of coordinate planes, 4 

Revolution of point about a 

line 27, 31 

Revolution, surface of 89 

Revolution, surface of, classi- 

fed 91 

Revolution, surface of, defined. 166 
Revolution, surface of, intersec- 
tion of, general case 192 
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Revolution, surfaces of, inter- 
secting when having a 
common axis 171 

Revolution, surfaces of, inter- 
secting, axes in same 
plane 192 

Revolution, surfaces of, inter- 
secting, axes not in same 
plane 194 

Revolution, surface of, intersec- 
tion by any plane 172 

Revolution, surface of, intersec- 
tion with single curved 
surface 194 

Revolution, surface of, me- 
ridian curve of, defined. 167 

Revolution, surface of, plane 
tangent at a point is per- 
pendicular to the meri- 
dian plane through the 
point 170 

Revolution, surface of, plane 

tangent to. at a point 167 

Revolution, surface of, to as- 
sume a point on 167 

Roulettes, classified, defined 86, 87 

Rule, for intersection of plane 

and surface 107 

Rule, piercing point of a line 

and surface 108 

Rule, tangent plane to a sur- 
face 97 

Ruled surfaces, classified 91 

Ruled surfaces, defined 88 

Ruled surface of revolution, in 

classification 91 

Secants, curve of, in classifi- 
cation 86 

Secant line, approaching a tan- 
gent as a limit, 93 

Secant plane of a cylinder, as a 

base 99 

Secant plane, approaching a tan- 
gent plane as a limit. ... 97 

Sight, point of 2 

Single curved lines, classified. 86 

Single curved lines, defined ... 84 
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Single curvature, line tangent 

to a curve of 94 

Single curved surfaces, classi- 
fied 91 

Single curved surfaces, defined. 88 

Single curved surface, develop- 
ment - • • 108 

Single curved surface, the cylin- 
der, defined 98 

Single curved surface, two con- 
secutive elements of lying 
in a tangent plane 98 

Single curved surface, intersect- 
ing a surface of revolu- 
tion 194 

Single curved surface, to as- 
sume a point on 99 

Sinusoid curve in classifica- 
tion 80 

Solution of problems defined.. 24 

Sphere, in classification 91 

Sphere, defined 166 

Sphere, auxiliary, for locating 

plane, traces given 72 

Sphere, plane tangent to, 

through a line 170 

Spirals, defined 86 

Spiral, archimedian, defined... 88 

Spiral, archimedian, the trace 
of an oblique helicold and 
a plane 163 

Supplementary H x plane 1 

Supplementary vertical plane. . 17 

Surfaces classified 91 

Surfaces, double curved, de- 
fined 165 

Surfaces, intersection of 183 

Surfaces, method of genera- 
tion 91 

Surfaces, generated by motion 

of a line 88 

Surfaces, curve of intersection 

of and a plane 107 

Surface, normal plane to, de- 
fined 98 

Surface, tangent plane to, de- 
fined 97 
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Surfaces of revolution 89 

Surfaces of revolution, classi- 
fied 91 

Surfaces of revolution, with 
common axis, tangent or 
intersect in a circle .... 171 
Surfaces of revolution defined. 166 
Surfaces of revolution, intersec- 
tion of, general case 192 

Surfaces of revolution, inter- 
section of, with common 
axis 192 

Surfaces of revolution, inter- 
section of, with axes in 
same plane > 192 

Surfaces of revolution, inter- 
section by a plane 172 

Surfaces of revolution, to 

assume a point on 167 

Surfaces of revolution, tangent 

plane to, at a point 167 

Surfaces of revolution, plane 
tangent to is perpendicu- 
lar to the meridian plane 
through point of contact 170 

Surface, rule to find trace of a 

line with 108 

Surfaces, ruled, defined 83 

Surfaces, single curved classi- 
fied 91 

Surfaces, single curved, the cyl- 
inder defined 88 

Surface, single curved, devel- 
opment of 108 

Surface, single curved, two con- 
secutive elements lying 
in tangent plane to 98 

Surfaces, single curved. Inter- 
secting a surface of revo- 
lution 194 

Surface, single curved, to as- 
sume point on 100 

Surface, warned, defined 89 

System of generation of a hy- 
perbolic paraboloid, . . . 145 

Tangent, in classification 86 

Tangent line to a curve, two 

curves tangent 94, 95 
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Tangent line, point of 96 

Tangent line, to line, defined.. 93 

Tangent line, the limit of a se- 
cant 93 

Tangent lines, projected as tan- 
gents 94 

Tangent line of surfaces of 

revolution 171 

Tangent plane, to cone and 

parallel to a line 119 

Tangent plane to cone at point 

on 116 

Tangent plane to cone through 

point outside 117 

Tangent plane to conoid 156 

Tangent plane to helical con- 
volute 131 

Tangent plane to helical convo- 
lute parallel to a line. . . 135 

Tangent plane to helical convo- 
lute, through a point out- 
side 133 

Tangent plane, to cylinder, par- 
allel to a line 103 

Tangent plane to a cylinder at 

a point on 101 

Tangent plane to a cylinder 

through a point outside. . 102 

Tangent plane to double curved 

surface 165 

Tangent plane, contains con- 
secutive elements of 
single curved surface ... 98 

Tangent plane to hyperboloid of 

revolution 180 

Tangent plane to hyperbolic 
paraboloid through a 
line 155 

Tangent plane to hyperbolic 
paraboloid at a point on 
surface 149, 151 

Tangent plane, to a sphere, 

through a line 170 

Tangent plane to surface of 
revolution at a point on 
surface 167 

Tangent plane, to locate traces 

of 105 
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Tangent planes to warped sur- 
faces 149 

Tangency, point of, defined ... 94 

Tangency, approximate point of, 

a curve and its tangent 96 

Theorem 1. Projection ot a 

point 7 

Theorem 2. Line, as the trace 

of its projecting plane. . . 14 

Theorem 3. Point of intersec- 
tion of two lines 16 

Theorem 4, 5. Line in plane 

and line parallel to plane 34 

Theorem 6. Traces of parallel 

planes 39 

Theorem 7. Line perpendicu- 
lar to a plane 52 

Theorem 8. Lines perpendicu- 
lar and one parallel to co- 
ordinate plane 67 

Theorem 9. Projections of a 

curve 92 

Theorem 10. Lines tangent in 

projection 94 

Theorem 11. Plane tangent to 

single curved surface 98 

Theorem 12. Hyperbolic para- 
boloid projected on plane 
director 143 

Theorem* 13. Section of hyper- 
bolic paraboloid 144 

Theorem 14. Trace of oblique 
helicoid an archimedlan 
spiral 163 

Theorem 15. Plane tangent to 
Burface of revolution per- 
pendicular to meridian 
plane 170 

Theorem 16. Surface of rev- 
olution tangent when 
having common axis 171 

Theorem 17. Hyperboloid of 
revolution, two systems 
of generation 176 

Theorem 18. Meridian curve 
of hyperboloid of revolu- 
tion is a hyperbola 178 

Theorem, form of proof to.... 17 



INDEX 



237 



PAGE 

Third and first angle discussed 197 

Three points, plane through... 35 

Torus, in classification 91 

Traces of a line 20, 21, 22 

Traces of a line in different 

angles 25 

Traces of a line with an end 

plane 23, 24 

Trace, corresponding, of the 
projecting plane of a 
line 15 

Trace of a line with any 

plane 51 

Trace, rule to find, of a line 

with a plane 108 

Trace of a plane 11 

Trace of a plane to contain a 

line 37 

Trace, to locate the, of a tan- 
gent plane 105 

Trace of a plane given and 
angle with that plane to 
find its corresponding 
trace 68 

Trace of plane given and angle 
with corresponding plane 
to find other trace 70 

Traces of a plane are not lim- 
ited 16 

Traces of parallel planes with 

third plane 39 

Traces of plane perpendicular 

to a line 52 
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Transcendental curves, in 

classification 86 

Triangulation, a method of de- 
velopment 198 

Trigonometric curves, in classi- 
fication 86 

Trochoids, classified 86 

Trochoids, defined 87 

Uniform pitch of helicoid de- 
fined 158 

Variable ellipsoid, in classifica- 
tion 91 

Variable paraboloid, in classifi- 
cation 91 

Variable paraboloid, defined... 92 

Vertex of hyperbolic parabo- 
loid 154 

Vertical of a plane 37 

Vertical projecting lines 4 

Vertical plane, front, end. ...1, 3 

Vertical projecting line 5 

Vertical revolution of supple- 
mentary, plane 17 

Warped surfaces, classified 91 

Warped surfaces, defined ...89, 139 

Warped surfaces, tangent planes 

to 149 

Windschief lines defined 139 

Wlndschlef lines as directrices 

of a surface of revolution 173 

Zone method of development. 198 
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AGRICULTURE— HORTICULTURE— FORESTRY. 

Armsby's Principles of Animal Nutrition 8vo, $4 00 

Budd and Hansen's American Horticultural Manual: 

Part I. Propagation, Culture, and Improvement 12sio, 1 50 

Part II. Systematic Pomology 12mo, 1 50 

Elliott's Engineering for Land Drainage 12mo, . 1 50 

Practical Farm Drainage. (Second Edition, Rewritten) 12mo, 1 50 
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Green's Principles of American Forestry 12mo, 1 50 
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* McKay and Larsen's Principles and Practice of Butter-making 8vo, 1 50 

Maynard's Landscape Gardening as Applied to Home Decoration 12mo, 1 50 

Sanderson's Insects Injurious to Staple Crops 12mo, 1 50 
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* Schwarz's Longleaf Pine in Virgin Forests 12mo. 1 25 

Stockbridge's Rocks and Soils 8vo. 2 60 

Winton's Microscopy of Vegetable Foods 8vo, 7 60 

Woll's Handbook for Farmers and Dairymen 16mo, 1 50 

ARCHITECTURE. 

Baldwin's Steam Heating for Buildings 12mo, 2 50 

Berg's Buildings and Structures of American Railroads 4 to, 5 00 

Birkmire's Architectural Iron and Steel 8vo, 3 50 

Compound Riveted Girders as Applied in Buildings 8vo, 2 00 

Planning and Construction of American Theatres 8vo, 3 00 

Planning and Construction of High Office Buildings 8vo, 3 50 

6keleton Construction in Buildings 8vo, 3 00 
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Briggs's Modern American School Buildings 8vo, $4 00 

Byrne's Inspection of Materials and Wormanship Employed in Construction. 

lomo, 3 00 

Carpenter's Heating and Ventilating of Buildings 8vo, 4 00 

* CortheM's Allowable Pressure on Deep Foundations 1 2mo, 1 25 

Frei tag's Architectural Engineering 8vo, 3 60 

Fireproofing of Steel Buildings 8vo, 2 60 

Gerhard 'r Guide to Sanitary Inspections. (Fourth Edition, Entirely Re- 
vised and Enlarged) 12mo, 1 50 

* Modern Baths and Bath Houses 8vo, 3 00 

Sanitation of Public Buildings 12mo, 1 50 

Theatre Fires and Panics 12mo, 1 50 

Johnson's Statics by Algebraic and Graphic Methods 8vo, 2 00 

Kellaway's How to Lay Out Suburban Home Grounds 8vo, 2 00 

Kidder's Architects' and Builders' Pocket-book 16mo, mor., 5 00 

Merrill's Stones for Building and Decoration 8vo, 5 00 

Monck ton's Stair-building 4 to, 4 00 

Pat ton's Practical Treatise on Foundations 8vo, 5 00 

Peabody's Naval Architecture 8vo, 7 50 

Rice's Concrete-block Manufacture 8vo, 2 00 

Richey's Handbook for Superintendents of Construction 16mo, mor. 4 00 

Building Foreman's Pocket Book and Ready Reference. . 16mo, mor. 5 00 

* Building Mechanics' Ready Reference Series: 

* Carpenters' and Woodworkers' Edition 16mo, mor. 1 50 

* Cement Workers' and Plasterers' Edition 16mo, mor. 1 50 

* Plumbers', Steam- Fitters', and Tinners' Edition.. . 16mo, mor. 1 50 

* Stone- and Brick-masons' Edition lOmo, mor. 1 50 

Sabin's House Painting 12mo, 1 00 

Siebert and Biggin's Modern Stone-cutting and Masonry 8vo, 1 50 

Snow's Principal Species of Wood 8vo, 3 50 

Towne's Locks and Builders' Hardware 18mo, mor. 3 00 

Wait's Engineering and Architectural Jurisprudence 8vo, 6 00 

Sheep. 50 

Law of Contracts 8vo, 3 00 

Law of Operations Preliminary to Construction in Engineering and Archi- 
tecture 8vo, 5 00 

Sheep, 5 50 

Wilson's Air Conditioning 12mo, 1 50 

Worcester and Atkinson's Small Hospitals, Establishment and Maintenance, 

Suggestions for Hospital Architecture, with Plans for a Small Hospital. 

12mo, 1 26 
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Molecule 12mo, 2 50 

Chase's Art of Pattern Making 12mo, 2 50 

Screw Propellers and Marine Propulsion 8vo, 3 00 

* Cloke's Enlisted Specialists' Examiner 8vo, 2 00 

Gunner's Examiner 8vo, 1 50 

Craig's Azimuth 4to. 3 50 

Crehore and Squier's Polarizing Photo-chronograph 8vo, 3 00 

* Davis's Elements of Law 8vo, 2 50 

* Treatise on the Military Law of United States 8vo, 7 00 

DeBrack's Cavalry Outpost Duties. (Carrj 24 mo, mor. 2 00 

* Dudley's Military Law and the Procedure of Courts -martial. ..Large 12mo, 2 50 
Durand's Resistance and Propulsion of Ships 8vo, 5 00 

* Dyer's Handbook of Light Artillery 12mo, 3 00 

Eissler's Modern High Explosives 8vo, 4 00 

* Fiebeger's Text-book on Field Fortification Large 12mo, 2 00 

Hamilton and Bond's The Gunner's Catechism 18mo, 1 00 

* Hoff's Elementary Naval Tactics 8vo, 1 50 

Ingalls's Handbook of Problems in Direct Fire 8vo, 4 00 

* Lissak's Ordnance and Gunnery 8vo, 6 00 
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* Ludlow's Logarithmic and Trigonometric Tables. 8vo, 

* Lyons's Treatise on Electromagnetic Phenomena. Vols. I. and ll..8vo,each, 

* Mahan's Permanent Fortifications. (Mercur.) 8vo. half mor. 

Manual for Courts-martial 16mo,mor. 

* Mercur's Attack of Fortified Places 12mo. 

* Elements of the Art of War 8vo % 

Nixon's Adjutants' Manual 24mo, 

Peabody's Naval Architecture 8vo, 

* Phelps's Practical Marine Surveying 8vo, 

Putnam's Nautical Charts 8vo, 

Rust's Ex-meridian Altitude. Azimuth and Star- Finding Tables 8vo, 

Sharpe's Art of Subsisting Armies in War 18mo, mor, 

* Tupes and Poole's Manual of Bayonet Exercises and Musketry Fencing. 

24mo, leather, 

* Weaver's Military Explosives 8vo t 

WoodhulTs Notes on Military Hygiene. 16mo, 



ASSAYING. 

Betts's Lead Refining by Electrolysis 8vo. 4 00 

Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe. 

16mo, mor. 1 50 
Furman and Pardoe's Manual of Practical Assaying. (Sixth Edition Re- 
vised and Enlarged) 8vo, 3 00 

Lodge's Notes on Assaying and Metallurgical Laboratory Experiments.. 8vo, 3 00 

Low's Technical Methods of Ore Analysis 8vo, 3 03 

Miller's Cyanide Process 12mo, 1 00 

Manual of Assaying 12mo, 1 00 

Minet's Production of Aluminum and its Industrial Use. ( Waldo. )...12mo, 2 50 

O'Driscoll's Notes on the Treatment of Gold Ores 8vo, 2 00 

Ricketts and Miller's Notes on Assaying 8vo, 3 00 

Robine and Lenglen's Cyanide Industry. (Le Clerc.) 8vo, 4 00 

Ulke's Modern Electrolytic Copper Refining 8vo, 3 00 

Wilson's Chlorination Process 12mo, 1 50 

Cyanide Processes. 12 mo, 1 50 



ASTRONOMY. 

Comstock's Field Astronomy for Engineers 8vo, 

Craig's Azimuth 4to, 

Crandall's Text-book on Geodesy and Least Squares 8vo, 

Doolittle's Treatise on Pracical Astronomy 8vo, 

Hayford's Text-book of Geodetic Astronomy 8vo, 

Hosmer's Azimuth lOmo, mor. 

Merriman's Elements of Precise Surveying and Geodesy 8vo, 

* Michie and Harlow's Practical Astronomy 8vo, 

Rust's Ex-meridian Altitude, Azimuth and Star-Finding Tables 8vo, 

* White's Elements of Theoretical and Descriptive Astronomy 12mo, 



CHEMISTRY. 

* Abderhalden's Physiological Chemistry in Thirty Lectures. (Hall and 

Defren) 8vo, 5 00 

* Abegg's Theory of Electrolytic Dissociation, (von Ende.) 12mo, 1 25 

Alexeyeff's General Principles of Organic Syntheses. (Matthews.) 8vo, 3 00 

Allen's Tables for Iron Analysis 8vo, 3 00 

Armsby's Principles of Animal Nutrition 8vo, 4 00 

Arnold's Compendium of Chemistry. (Mandel.) Large 12mo, 3 50 

Association of State and National Food and Dairy Departments, Hartford 

Meeting. 1906 8vo, 3 00 

Jamestown Meeting, 1907 8vo, 3 00 
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Austen's Notes for Chemical Students 12mo, $1 60 

Baskerville's Chemical Elements. (In Preparation). 

Bernadou's Smokeless Powder. — Nitro-cellulose, and Theory of the Cellulose 

Molecule 12mo, 2 50 

Biltz's Introduction to Inorganic Chemistry. (Hall and Phelan). (In Press). 
Laboratory Methods of Inorganic Chemistry. (Hall and Blanchard). 

8vo, 3 00 

* Blanchard's Synthetic Inorganic Chemistry 12mo, 1 00 

* Browning's Introduction to the Rarer Elements 8vo, 1 50 

* Claassen's Beet-sugar Manufacture. (Hall and Rolfe.) 8vo, 3 00 

Classen's Quantitative Chemical Analysis by Electrolysis. (Bolt wood. ).8vo, 3 00 

Cohn's Indicators and Test-papers 12mo, 2 00 

Tests and Reagents 8vo, 3 00 

* Danneel's Electrochemistry. (Merriam.) 12mo, 1 25 

Dannerth's Methods of Textile Chemistry 12mo, 2 00 

Duhem's Thermodynamics and Chemistry. (Burgess.) 8vo, 4 00 

Effront's Enzymes and their Applications. (Prescott.) 8vo, 3 00 

Eissler's Modern High Explosives 8vo, 4 00 

Erdmann's Introduction to Chemical Preparations. (Dunlap.) 12mo, 1 25 

* Fischer's Physiology of Alimentation Large 12mo, 2 00 

Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe. 

12mo, mor. 1 50 

Fowler's Sewage Works Analyses 12mo, 2 00 

Fresenius's Manual of Qualitative Chemical Analysis. (Wells.) 8vo, 5 00 

Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells. )8vo, 3 00 

Quantitative Chemical Analysis. (Cohn.) 2 vols 8vo, 12 50 

When Sold Separately, Vol. I, 16. Vol. II, $8. 

Fuertes's Water and Public Health 12mo, 1 50 

Furman and Pardoe's Manual of Practical Assaying. (Sixth Edition, 

Revised and Enlarged.) 8vo, 3 00 

* Getman's Exercises in Physical Chemistry 12mo, 2 OO 

Gill's Gas and Fuel Analysis for Engineers 12mo, 1 25 

* Gooch and Browning's Outlines of Qualitative Chemical Analysis. 

Large 12mo, 1 25 

Grotenfelt's Principles of Modern Dairy Practice. (Woll.) 12mo, 2 00 

Groth's Introduction to Chemical Crystallography (Marshall) 12mo, 1 25 

Hammarsten's Text-book of Physiological Chemistry. (Mandel.) 8vo, 4 00 

Hanausek's Microscopy of Technical Products. (Winton.) 8vo, 5 00 

* Haskins and Macleod's Organic Chemistry 12mo, 2 00 

Hering's Ready Reference Tables (Conversion Factors) 16mo, mor. 2 50 

* Herrick's Denatured or Industrial Alcohol 8vo, 4 00 

Hinds's Inorganic Chemistry 8vo, 3 00 

* Laboratory Manual for Students 12mo, 1 00 

* Holleman's Laboratory Manual of Organic Chemistry for Beginners. 

(Walker.) 12mo, 1 00 

Text-book of Inorganic Chemistry. (Cooper.) 8vo, 2 50 

Text-book of Organic Chemistry. (Walker and Mott.) 8vo, 2 50 

* Holley's Lead and Zinc Pigments Large 12mo, 3 00 

Holley and Ladd's Analysis of Mixed Paints, Color Pigments, and Varnishes. 

Large 12mo, 2 50 

Hopkins's Oil-chemists' Handbook 8vo. 3 00 

Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 25 
Johnson's Rapid Methods for the Chemical Analysis of Special Steels, Steel- 
making Alloys and Graphite Large 12mo, 3 00 

Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00 

* Langworthy and Austen's Occurrence of Aluminum in Vegetable Prod- 

ucts, Animal Products, and Natural Waters 8vo, 2 00 

Lassar-Cohn's Application of Some General Reactions to Investigations in 

Organic Chemistry. (Tingle.) 12mo, 100 

Leach's Inspection and Analysis of Food with Special Reference to State 

Control $vo, 7 50 

Lob's Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 00 

Lodge's Notes on Assaying and Metallurgical Laboratory Experiments. .8vo, 3 00 

Low's Technical Method of Ore Analysis 8vo, 3 00 

Lunge's Techno-chemical Analysis. (Cohn.) 12mo, 1 00 

* McKay and Larsen's Principles and Practice of Butter-making 8vo, 1 50 

Maire's Modern Pigments and their Vehicles 12mo, 2 00 
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Mandela Handbook tor Bio-chemical Laboratory 12mo, $1 60 

* Martin's Laboratory Guide to Qualitative Analysis with the Blowpipe 

12mo, 

Mason's Examination of Water. (Chemical and Bacteriological.) 12mo, 

Water-supply. (Considered Principally from a Sanitary Standpoint.) 

8vo, 

* Mathewson's First Principles of Chemical Theory 8vo, 

Matthews's Laboratory Manual of Dyeing and Textile Chemistry 8vo, 

Textile Fibres. 2d Edition, Rewritten 8vo, 

* Meyer's Determination of Radicles in Carbon Compounds. (Tingle.) 

Third Edition 12mo, 

Miller's Cyanide Process 12mo, 

Manual of Assaying 12mo, 

Mtnet's Production of Aluminum and its Industrial Use. ( Waldo. )...12mo, 

Mixter's Elementary Text-book of Chemistry 12mo, 

Morgan's Elements of Physical Chemistry 12mo, 

Outline of the Theory of Solutions and its Results 12mo, 

* Physical Chemistry for Electrical Engineers 12mo, 

Morse's Calculations used in Cane-sugar Factories ldmo, mor. 

* Muir's History of Chemical Theories and Laws 8vo, 

Mulliken's General Method for the Identification of Pure Organic Compounds. 

Vol. I. Compounds of Carbon with Hydrogen and Oxygen. Large 8vo, 

Vol. II. Nitrogenous Compounds. (In Preparation). 

Vol. III. The Commercial Dyestuffs. (In Press). 

O'Driscoll's Notes on the Treatment of Gold Ores 8vo, 

Ostwald's Conversations on Chemistry. Part One. (Ramsey.) 12mo, 

Part Two. (Turnbull.) 12mo, 

Owen and Standage's Dyeing and Cleaning of Textile Fabrics. 12mo, 

* Palmer's Practical Test Book of Chemistry 12mo, 

* Pauli's Physical Chemistry in the Service of Medicine. (Fischer.) . . 12 mo, 
Penfield's Tables of Minerals, Including the Use of Minerals and Statistics 

of Domestic Production 8vo, 

Pictet's Alkaloids and their Chemical Constitution. (Biddle.) 8vo, 

Poole's Calorific Power of Fuels 8vo, 

Prescott and Winslow's Elements of Water Bacteriology, with Special Refer- 
ence to Sanitary Water Analysis 12mo, 

* Reisig's Guide to Piece-Dyeing. 8vo, 

Richards and Woodman's Air, Water, and Food from a Sanitary Stand- 
point 8vo. 

Ricketts and Miller's Notes on Assaying 8vo, 

Rideal's Disinfection and the Preservation of Food 8vo, 

Sewage and the Bacterial Purification of Sewage 8vo, 

Rigg's Elementary Manual for the Chemical Laboratory 8vo, 

Robine and Lenglen's Cyanide Industry. (Le ClercJ 8vo, 

Ruddiman's Incompatibilities in Prescriptions $ 8vo, 

Whys in Pharmacy 12mo, 

Ruer's Elements of Metallography. (Mathewson). (In Press.) 

Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 

Salkowski's Physiological and Pathological Chemistry. (Orndorff .) 8vo, 

Schimpf 's Essentials of Volumetric Analysis 12mo, 

Manual of Volumetric Analysis. (Fifth Edition, Rewritten) 8vo, 

* Qualitative Chemical Analysis 8vo, 

Smith's Lecture Notes on Chemistry for Dental Students 8vo, 

Spencer's Handbook for Cane Sugar Manufacturers lOmo, mor. 

Handbook for Chemists of Beet-sugar Houses 16mo, mor. 

Stockbridge's Rocks and Soils 8vo, 

Stone's Practical Testing of Gas and Gas Meters 8vo, 

* Tillman's Descriptive General Chemistry 8vo, 

* Elementary Lessons in Heat 8vo, 

Treadwell's Qualitative Analysis. (Hall.) 8vo, 

Quantitative Analysis. (Hall.) 8vo, 

Turneaure and Russell's Public Water-supplies. 8vo, 

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) 12mo, 

Venable*8 Methods and Devices for Bacterial Treatment of Sewage. 8vo, 

Ward and Whipple's Freshwater Biology. (In Press.) 

Ware's Beet-sugar Manufacture and Refining. Vol. 1 8vo, 

Vol. II 8vo, 
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Washington's Manual of the Chemical Analysis of Rocks 8vo, 

* Weaver's Military Explosives 8vo, 

Wells's Laboratory Guide in Qualitative Chemical Analysis 8vo! 

Short Course in Inorganic Qualitative Chemical Analysis for Engineering 
Students 12mo. 

Text-book of Chemical Arithmetic 12mo, 

Whipple's Microscopy of Drinking-water 8vo, 

Wilson's Chlorination Process 12mo, 

Cyanide Processes 12mo, 

Winton's Microscopy of Vegetables Pood 8vo, 

Zsigmondy's Colloids and the Ultramicroscope. (Alexander). ..Large 12mo, 



$2 OO 


3 00 


1 50 


1 50 


1 26 


3 50 


1 50 


1 50 


7 5G 


3 00 



CIVIL ENGINEERING. 

BRIDGES AND ROOPS. HYDRAULICS. MATERIALS OP ENGINEER. 

ING. RAILWAY ENGINEERING. 

Baker's Engineers' Surveying Instruments 12mo, 3 00 

Bixby's Graphical Computing Table Paper 19} x 24 i inches. 25 

Breed and Hosmer's Principles and Practice of Surveying. Vol. I. Elemen- 
tary Surveying 8vo, 3 00 

Vol. II. Higher Surveying 8vo, 2 50 

* Burr's Ancient and Modern Engineering and the Isthmian Canal 8vo, 3 50 

Comstock's Field Astronomy for Engineers 8vo, 2 50 

* Corthell's Allowable Pressure on Deep Poundations 12mo, 1 25 

CrandalTs Text-book on Geodesy and Least Squares 8vo, 3 00 

Davis's Elevation and Stadia Tables 8vo, 1 00 

Elliott's Engineering for Land Drainage 12mo, 1 50 

Practical Farm Drainage. (Second Edition Rewritten.) l2mo, 1 50 

* Piebeger's Treatise on Civil Engineering 8vo, 5 00 

Flemer's Photographic Methods and Instruments 8vo, 5 00 

Folwell's Sewerage. (Designing and Maintenance.) 8vo, 3 00 

Preitag's Architectural Engineering 8vo, 3 50 

Goodhue's Municipal Improvements 12mo, I 50 

* Hauch and Rice's Tables of Quantities for Preliminary Estimates. . . 12mo, 1 25 

Hayford's Text-book of Geodetic Astronomy 8vo, 3 00 

Hering's Ready Reference Tables (Conversion Factors) 16mo, mor. 2 50 

Hosmer's Azimuth 16mo, mor. 1 00 

Howe' Retaining Walls for Earth 12mo, 1 25 

* Ives's Adjustments of the Engineer's Transit and Level 16mo. bds. 25 

Johnson's (J. B.) Theory and Practice of Surveying Large 12mo, 4 00 

Johnson's (L. J.) Statics by Algebraic and Graphic Methods 8vo, 2 00 

Kinnicutt, Winslow and Pratt's Purification of Sewage. (In Preparation). 

* Mahan's Descriptive Geometry 8vo, 1 50 

Merriman's Elements of Precise Surveying and Geodesy 8vo, 2 50 

Merriman and Brooks's Handbook for Surveyors 16mo, mor. 2 00 

Nugent's Plane Surveying 8vo, 3 50 

Ogden's Sewer Construction 8vo, 3 00 

Sewer Design 12mo, 2 00 

Parsons's Disposal of Municipal Refuse 8vo, 2 00 

Patton's Treatise on Civil Engineering 8vo, half leather, 7 5 J 

Reed's Topographical Drawing and Sketching 4to, 5 00 

Rideal's Sewage and the Bacterial Purification of Sewage 8vo, 4 00 

Riemer's Shaft-sinking under Difficult Conditions. (Corning and Peele.).8vo, 3 00 

Siebert and Biggin's Modern Stone-cutting and Masonry 8vo, 1 50 

Smith's Manual of Topographical Drawing. (McMillan.) 8vo, 2 50 

Soper's Air and Ventilation of Subways 12mo, 2 50 

* Tracy's Exercises in Surveying 12mo. mor. 1 00 

Tracy's Plane Surveying 16mo, mor. 3 00 

* Trautwine's Civil Engineer's Pocket-book 16mo, mor. 5 00 

Venable's Garbage Crematories in America 8vo, 2 00 

Methods and Devices for Bacterial Treatment of Sewage 8vo, 3 00 
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Wait's Engineering and Architectural Jurisprudence 8vo, 16 00 

Sheep, 6 50 

Law of Contracts 8vo, 3 00 

Law of Operations Preliminary to Construction in Engineering and 

Architecture. 8vo, 5 00 

Sheep, 5 60 

Warren's Stereotomy — Problems in Stone-cutting 8vo, 2 50 

* Waterbury's Vest- Pocket Hand-book of Mathematics for Engineers. 

2lX5| inches, mor. 1 00 
Webb's Problem's in the Use and Adjustment of Engineering Instruments. 

lOmo, mor. 1 25 

Wilson's Topographic Surveying 8vo, 3 60 



BRIDGES AND ROOFS. 

Boiler's Practical Treatise on the Construction of Iron Highway Bridges.. 8 vo, 

* Thames River Bridge Oblong paper, 

Burr and Falk's Design and Construction of Metallic Bridges 8vo, 

Influence Lines for Bridge and Roof Computations 8vo, 

Du Bois's Mechanics of Engineering. Vol. II Small 4 to, 

Foster's Treatise on Wooden Trestle Bridges 4 to, 

Fowler's Ordinary Foundations 8vo, 

Greene's Arches in Wood, Iron, and Stone 8vo, 

Bridge Trusses 8vo, 

Roof Trusses 8vo, 

Grimm's Secondary Stresses in Bridge Trusses 8vo, 

Heller's Stresses in Structures and the Accompanying Deformations.. . .8vo, 

Howe's Design of Simple Roof-trusses in Wood and Steel 8vo. 

Symmetrical Masonry Arches. 8vo, 

Treatise on Arches 8vo, 

Johnson, Bryan and Turneaure's Theory and Practice in the Designing of 

Modern Framed Structures Small 4 to, 

Merriman and Jacoby's Text-book on Roofs and Bridges: 

Part I. Stresses in Simple Trusses 8vo, 

Part II. Graphic Statics 8vo, 

Part III. Bridge Design 8vo, 

Part IV. Higher Structures 8vo, 

Morison's Memphis Bridge Oblong 4to, 

Sondericker's Graphic Statics, with Applications to Trusses, Beams, and 

Arches 8vo, 

Waddell's De Pontibus, Pocket-book for Bridge Engineers lOmo, mor. 

* Specifications for Steel Bridges 12mo, 

Waddell and Harringtoon's Bridge Engineering. (In Preparation.) 

Wright's Designing of Draw-spans. Two parts in one volume. 8vo, 3 50 



HYDRAULICS. 

Barnes's Ice Formation 8vo, 3 00 

Basin's Experiments upon the Contraction of the Liquid Vein Issuing from 

an Orifice. (Trautwine. ) 8vo, 2 00 

Bovey's Treatise on Hydraulics 8vo, 5 00 

Church's Diagrams of Mean Velocity of Water in Open Channels. 

Oblong 4 to, paper, 1 50 

Hydraulic Motors 8vo, 2 00 

Coffin's Graphical Solution of Hydraulic Problems 16tno, mor. 2 50 

Flather's Dynamometers, and the Measurement of Power 12mo, 3 00 

Folwell's Water-supply Engineering 8vo, 4 00 

Frisell's Water-power 8vo, 5 00 

Fuertes's Water and Public Health 12mo, 1 50 

Water-filtration Works 12mo, 2 50 

Ganguillet and Kutter's General Formula for the Uniform Flow of Water in 

Rivers and Other Channels. (Hering and Trautwine.) 8vo, 4 00 
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Hazen's Clean Water and How to Get It Large 12mo, $1 50 

Filtration of Public Water-supplies 8vo, 3 00 

Hazelhurst's Towers and Tanks for Water-works .* 8vo, 2 50 

Herschel's 115 Experiments on the Carrying Capacity of Large, Riveted, Metal 

Conduits 8vo, 2 00 

Hoyt and Graver's River Discharge 8vo, 2 00 

Hubbard and Kiersted's Water-works Management and Maintenance. 

8vo, 4 00 

* Lyndon's Development and Electrical Distribution of Water Power. 

8vo. 3 00 
Mason's Water-supply. (Considered Principally from a Sanitary Stand- 
point.) 8vo. 4 00 

Merriman's Treatise on Hydraulics 8vo, 5 00 

* Molitor's Hydraulics of Rivers, Weirs and Sluice3 8vo, 2 00 

* Richards's Laboratory Notes on Industrial Water Analysis 8vo, 50 

Schuyler's Reservoirs for Irrigation, Water-power, and Domestic Water- 
supply. Second Edition, Revised and Enlarged Large 8vo, 00 

* Thomas and Watt's Improvement of Rivers 4 to, 00 

Turneaure and Russell's Public Water-supplies 8vo, 5 00 

Wegmann's Design and Construction of Dams. 5th Ed., enlarged 4 to, 6 00 

Water-Supply of the City of New York from 1658 to 1805 4 to, 10 00 

Whipple's Value of Pure Water Large 12 mo, 1 00 

Williams and Hazen's Hydraulic Tables 8vo, 1 50 

Wilson's Irrigation Engineering 8vo, 4 00 

Wood's Turbines 8vo, 2 50 



MATERIALS OP ENGINEERING. 

Baker's Roads and Pavements 8vo, 

Treatise on Masonry Construction 8vo, 

Black's United States Public Works Oblong 4to, 

Blanchard's Bituminous Roads. (In Press.) 

Bleininger's Manufacture of Hydraulic Cement. (In Preparation.) 

* Bovey 's Strength of Materials and Theory of Structures 8vo, 

Burr's Elasticity and Resistance of the Materials of Engineering 8vo, 

Byrne's Highway Construction gvo, 

Inspection of the Materials and Workmanship Employed in Construction. 

16mo, 

Church's Mechanics of Engineering 8vo, 

Du Bois's Mechanics of Engineering. 

Vol. I. Kinematics, Statics, Kinetios .Small 4to, 

Vol. II. The Stresses in Framed Structures, Strength of Materials and 
Theory of Flexures Small 4 to, 

* Eckel's Cements, Limes, and Plasters 8vo f 

Stone and Clay Products used in Engineering. (In Preparation.) 
Fowler's Ordinary Foundations gvo, 

* Greene's Structural Mechanics. 8vo f 

* Holley's Lead and Zinc Pigments Large 12mo, 

Holley and Ladd's Analysis of Mixed Paints, Color Pigments and Varnishes. 

Large 12mo, 
Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special Steels, 

Steel-making Alloys and Graphite. Large 12mo, 

Johnson's (J. B.) Materials of Construction Large 8vo| 

Keep's Cast Iron g vo [ 

Lanza's Applied Mechanics 8vo! 

Maire's Modern Pigments and their Vehicles. , 12mo| 

Martens's Handbook on Testing Materials. (Henning.) 2 vols. 8vo,' 

Maurer's Technical Mechanics gvo, 

Merrill's Stones for Building and Decoration ,8vo| 

Merriman's Mechanics of Materials g vo 

* Strength of Materials 12mo' 

Metcalf 's Steel. A Manual for Steel-users 12mo| 

Morrison's Highway Engineering ,g v <> 

Patton's Practical Treatise on Foundations .gvo' 

Rice's Concrete Block Manufacture gvo,' 
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Richardson's Modern Asphalt Pavements 8vo, $3 00 

Richey's Building Foreman's Pocket Book and Ready Reference. ldmo.mor. 5 00 

* Cement Workers' and Plasterers' Edition (Building Mechanics' Ready 

Reference Series) l6mo, mor. 1 60 

Handbook for Superintendents of Construction 16mo, mor. 4 00 

* Stone and Brick Masons' Edition (Building Mechanics' Ready 

Reference Series) 16mo, mor. 1 50 

* Ries's Clays : Their Occurrence, Properties, and Uses 8vo, 5 00 

* Ries and Leigh ton' a History of the Clay-working Industry of the United 

States 8vo. 2 50 

Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00 

Smith's Strength of Material 12mo, 

Snow's Principal Species of Wood 8vo, 3 50 

Spalding's Hydraulic Cement 12mo, 2 00 

Text-book on Roads and Pavements 12mo, 2 00 

Taylor and Thompson's Treatise on Concrete, Plain and Reinforced 8vo, 5 00 

Thurston's Materials of Engineering. In Three Parts 8vo, 8 00 

Part I. Non-metallic Materials of Engineering and Metallurgy.. . .8vo, 2 00 

Part II. Iron and SteeL 8vo, 3 50 

Part HI. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents 8vo, 2 50 

Tillson's Street Pavements and Paving Materials 8vo, 4 00 

Turneaure and Maurer's Principles of Reinforced Concrete Construction. 

Second Edition, Revised and Enlarged 8vo, 3 50 

Waterbury's Cement Laboratory Manual 12mo, 1 00 

Wood's (De V.) Treatise on the Resistance of Materials, and an Appendix on 

the Preservation of Timber 8vo, 2 00 

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

SteeL 8vo, 4 00 



RAILWAY ENGINEERING. 

Andrews's Handbook for Street Railway Engineers 3X5 inches, mor. 1 25 

Berg's Buildings and Structures of American Railroads 4 to, 5 00 

Brooks's Handbook of Street Railroad Location 16mo, mor. 1 50 

Butts's Civil Engineer's Field-book lomo, mor. 2 50 

Crandall's Railway and Other Earthwork Tables. 8vo, 1 50 

Transition Curve 16mo, mor. 1 50 

* Crockett's Methods for Earthwork Computations 8vo, ; 50 

Dredge's History of the Pennsylvania Railroad. ( 1870) Papet 5 00 

Fisher's Table of Cubic Yards Cardboard, 25 

Godwin's Railroad Engineers' Field-book and Explorers' Guide. . lOmo. mor. 2 50 
Hudson's Tables for Calculating the Cubic Contents of Excavations and Em* 

bankments 8vo, 1 00 

Ives and Hilts's Problems in Surveying, Railroad Surveying and Geodesy 

16mo, mor. 1 50 

Molitor and Beard's Manual for Resident Engineers 16mo, 1 00 

Nagle's Field Manual for Railroad Engineers 16mo, mor. 3 00 

* Orrock's Railroad Structures and Estimates 8vo, 3 00 

Philbrick's Field Manual for Engineers 16mo, mor. 3 00 

Raymond's Railroad Engineering. 3 volumes. 

Vol. I. Railroad Field Geometry. (In Preparation.) 

Vol. II. Elements of Railroad Engineering 8vo, 3 50 

Vol. III. Railroad Engineer's Field Book. (In Preparation.) 

Searles's Field Engineering 16mo, mor. 3 00 

Railroad Spiral 16mo, mor. 1 50 

Taylor's Prismoidal Formula? and Earthwork 8vo, 1 50 

* Trautwine's Field Practice of Laying Out Circular Curves for Railroads. 

12mo, mor. 2 50 
* Method of Calculating the Cubic Contents of Excavations and Em- 
bankments by the Aid of Diagrams. 8vo, 2 00 

Webb's Economics of Railroad Construction Large 12mo, 2 50 

Railroad Construction 16mo, mor. 5 00 

Wellington's Economic Theory of the Location of Railways. — Large 12mo, 5 00 

Wilson's Elements of Railroad-Track and Construction 12mo, 2 00 
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DRAWING. 

s Kinematics of Machinery 8vo, 

* Bartlett's Mechanical Drawing 8vo, 

* " " " Abridged Ed 8vo, 

Coolidge's Manual of Drawing. 8vo, paper, 

Coolidge and Freeman's Elements of General Drafting for Mechanical Engi- 
neers Oblong 4 to, 

Durley's Kinematics of Machines 8vo, 

Emch's Introduction to Projective Geometry and its Application 8vo, 

French and Ives' Stereotomy 8vo, 

Hill's Text-book on Shades and Shadows, and Perspective 8vo, 

Jamison's Advanced Mechanical Drawing Svo, 

Elements of Mechanical Drawing 8vo, 

Jones's Machine Design: 

Part I. Kinematics of Machinery 8vo, 

Part II. Form, Strength, and Proportions of Parts 8vo, 

Kimball and Barr's Machine Design. (In Press.) 

MacCord's Elements of Descritpive Geometry 8vo, 

Kinematics; or. Practical Mechanism 8vo, 

Mechanical Drawing 4 to, 

Velocity Diagrams 8vo, 

McLeod's Descriptive Geometry Large 12mo, 

* Mahan's Descriptive Geometry and Stone-cutting 8vo, 

Industrial Drawing. (Thompson.) 8vo, 

Moyer's Descriptive Geometry. 8vo, 

Reed's Topographical Drawing and Sketching. 4to, 

Reid's Course in Mechanical Drawing 8vo, 

Text-book of Mechanical Drawing and Elementary Machine Design. .8vo, 

Robinson's Principles of Mechanism 8vo, 

Schwamb and Merrill's Elements of Mechanism 8vo, 

Smith (A. W.) and Marx's Machine Design 8vo, 

Smith's (R. S.) Manual of Topographical Drawing. (McMillan) 8vo, 

* Titsworth's Elements of Mechanical Drawing Oblong 8vo, 

Warren's Drafting Instruments and Operations. 12mo, 

Elements of Descriptive Geometry, Shadows, and Perspective 8vo, 

Elements of Machine Construction and Drawing 8vo, 

Elements of Plane and Solid Free-hand Geometrical Drawing. . . . 12mo, 

General Problems of Shades and Shadows 8vo, 

Manual of Elementary Problems in the Linear Perspective of Forms and 

Shadow 12mo, 

Manual of Elementary Projection Drawing 12mo, 

Plane Problems in Elementary Geometry 12mo, 

Problems, Theorems, and Examples in Descriptive Geometry 8vo, 

Weisbach's Kinematics and Power of Transmission. (Hermann and 
Klein.) 8vo, 

Wilson's (H. M.) Topographic Surveying. 8vo, 

* Wilson's (V. T.) Descriptive Geometry 8vo. 

Free-hand Lettering Svo, 

Free-hand Perspective 8vo, 

Woolf's Elementary Course in Descriptive Geometry Large 8vo, 



ELECTRICITY AND PHYSICS. 

* Abegg's Theory of Electrolytic Dissociation, (von Ende.) 12mo, 1 25 

Andrews's Hand-book for Street Railway Engineering 3X5 inches, mor. 1 25 

Anthony and Bracken's Text-book of Physics. (Magic). .. .Large 12 mo, 3 00 
Anthony and Ball's Lecture-notes on the Theory of Electrical Measure- 
ments 12mo, 1 00 

Benjamin '8 History of Electricity 8vo, 3 00 

Voltaic Cell. 8vo, 3 00 
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Betts's Lead Refining and Electrolysis. 8vo, $4 00 

Classen's Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 3 00 

* Collins's Manual of Wireless Telegraphy and Telephony 12mo, 1 50 

* Mor. 2 00 

Crehore and Squier's Polarising Photo-chronograph 8vo, 3 00 

* Danneel's Electrochemistry. (Merriam.) 12mo, 1 25 

Dawson's " Engineering" and Electric Traction Pocket-book. . . . 16mo, mor. 5 00 
Dolesalek's Theory of the Lead Accumulator (Storage Battery) . (von Ende. ) 

12mo, 2 50 

Duhem'8 Thermodynamics and Chemistry. (Burgess.) 8vo, 4 00 

Plather's Dynamometers, and the Measurement of Power 12mo, 3 00 

Getman's Introduction to Physical Science. 12mo, 

Gilbert's De Magnet*. (Mottelay) 8vo, 2 50 

* Hanchett's Alternating Currents 12mo, 1 00 

Hering's Ready Reference Tables (Conversion Factors) ldmo, mor. 2 50 

* Hobart and Ellis's High-speed Dynamo Electric Machinery 8vo, 6 00 

Holman's Precision of Measurements 8vo, 2 00 

Telescopic Mirror-scale Method, Adjustments, and Tests.. . .Large 8vo, 75 

* Karapetoff's Experimental Electrical Engineering 8vo, 6 00 

Kinsbrunner's Testing of Continuous-current Machines 8vo, 2 00 

Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00 

Le Chatelier's High- temperature Measurements. (Boudouard — Burgess. )12mo, 3 00 

Lob's Electrochemistry of Organic Compounds. (Lorenz) 8vo, 3 00 

* Lyndon's Development and Electrical Distribution of Water Power. .8vo, 3 00 

* Lyons's Treatise on Electromagnetic Phenomena. Vols. I .and II. 8vo, each, 6 00 

* Michie's Elements of Wave Motion Relating to Sound and Light 8vo, 4 00 

Morgan's Outline of the Theory of Solution and its Results 12mo, 1 00 

* Physical Chemistry for Electrical Engineers. 12mo, 1 60 

* Norris's Introduction to the Study of Electrical Engineering 8vo, 2 50 

Norris and Denmson's Course of Problems on the Electrical Characteristics of 

Circuits and Machines. (In Press.) 

* Parshall and Hobart's Electric Machine Design 4to, half mor, 12 50 

Reagan's Locomotives: Simple, Compound, and Electric. New Edition. 

Large 12 mo, 3 50 

* Rosenberg's Electrical Engineering. (Haldane Gee — Kinzbrunner.) . .8vo, 2 00 

Ryan, Norris, and Hoxie's Electrical Machinery. Vol. I ^ . . 8vo, 2 50 

Schapper's Laboratory Guide for Students in Physical Chemistry 12mo, 1 00 

* Tillman's Elementary Lessons in Heat 8vo, 1 50 

Tory and Pitcher's Manual of Laboratory Physics Large 12mo, 2 00 

Ulke's Modern Electrolytic Copper Refining 8vo, 3 00 



LAW, 

* Brennan's Hand-book of Useful Legal Information for Business Men. 

ldmo, mor. 5 00 

* Davis's Elements of Law 8vo, 2 50 

* Treatise on the Military Law of United States 8vo, 7 00 

* Dudley's Military Law and the Procedure of Courts-martial. . Large 12mo, 2 50 

Manual for Courts-martial '. ; ldmo, mor. 1 50 

Wait's Engineering and Architectural Jurisprudence 8vo, 6 00 

Sheep, 6 50 

Law of Contracts 8vo. 3 00 

Law of Operations Preliminary to Construction in Engineering end 

Architecture 8vo, 5 00 

Sheep, 5 66 



MATHEMATICS. 

Baker's Elliptic Functions 8vo, 1 50 

Briggs's Elements of Plane Analytic Geometry. (Bocher) 12mo, 1 00 

* Buchanan's Plane and Spherical Trigonometry 8vo, 1 00 
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Byerley's Harmonic Functions 8vo, 

Chandler's Elements of the Infinitesimal Calculus. 12mo, 

* Coffin's Vector Analysis. 12mo, 

Compton's Manual of Logarithmic Computations. 12mo, 

* Dickson's College Algebra. Large 12mo, 

* Introduction to the Theory of Algebraic Equations. Large 12mo, 

Emch's Introduction to Projective Geometry and its Application 8vo, 

Fiske's Functions of a Complex Variable 8vo, 

Halsted's Elementary Synthetic Geometry 8vo, 

Elements of Geometry 8vo, 

* Rational Geometry 12mo, 

Hyde's Grassmann's Space Analysis 8vo, 

* Johnson's (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 

100 copies, 
* Mounted on heavy cardboard* 8 X 10 inches, 

10 copies, 
Johnson's (W. W.) Abridged Editions of Differential and Integral Calculus. 

Large 12mo, 1 vol. 

Curve Tracing in Cartesian Co-ordinates 12mo, 

Differential Equations. 8vo, 

Elementary Treatise on Differential Calculus Large 12mo, 

Elementary Treatise on the Integral Calculus Large 12mo, 

• Theoretical Mechanics 12mo, 

Theory of Errors and the Method of Least Squares 12mo, 

Treatise on Differential Calculus. Large 12mo, 

Treatise on the Integral Calculus Large 12mo, 

Treatise on Ordinary and Partial Differential Equations. . .Large 12mo, 

Karapetoff 's Engineering Applications of Higher Mathematics. 

(In Preparation.) 
Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) . 12mo, 2 00 

* Ludlow and Bass's Elements of Trigonometry and Logarithmic and Other 

Tables 8vo, 3 00 

* Trigonometry and Tables published separately Each, 2 00 

* Ludlow's Logarithmic and Trigonometric Tables. 8vo, 1 00 

Macfarlane's Vector Analysis and Quaternions. 8vo, 1 00 

McMahon's Hyperbolic Functions 8vo, 1 00 

Manning's Irrational Numbers and their Representation by Sequences and 

Series 12mo, 1 25 

Mathematical Monographs. Edited by Mansfield Merriman and Robert 

S. Woodward Octavo, each 1 00 

No. 1. History of Modern Mathematics, by David Eugene Smith, 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gilford Weld. No. 4. Hyper* 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann's Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 

Maurer's Technical Mechanics. 8vo, 4 00 

Merriman's Method of Least Squares. 8vo, 2 00 

Solution of Equations. 8vo, 1 00 

Rice and Johnson's Differential and Integral Calculus. 2 vols, in one. 

Large 12mo, 1 60 

Elementary Treatise on the Differential Calculus. Large 12mo, 3 00 

Smith's History of Modern Mathematics 8vo, 1 00 

* Veblen and Lennes's Introduction to the Real Infinitesimal Analysis of One 

Variable 8vo, 2 00 

* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers. 

21X51 inches, mor. 1 00 

Weld's Determinants 8vo, 1 00 

Wood's Elements of Co-ordinate Geometry 8vo, 2 00 

Woodward's Probability and Theory of Errors. 8vo, 1 00 
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MECHANICAL ENGINEERING. 

MATERIALS OP ENGINEERING. STEAM-ENGINES AND BOILERS. 

Bacon's Forge Practice 12xno, 

Baldwin's Steam Heating for Buildings 12mo, 

Barr's Kinematics of Machinery 8vo, 

* Bartlett's Mechanical Drawing 8vo, 

* " " " Abridged Ed 8vo, 

* Burr's Ancient and Modern Engineering and the Isthmian Canal 8vo, 

Carpenter's Experimental Engineering. 8vo, 

Heating and Ventilating Buildings 8vo, 

Clerk's Gas and Oil Engine. (New edition in press.) 

Comp ton's First Lessons in Metal Working 12mo, 

Compton and De Groodt's Speed Lathe 12mo, 

Coolidge's Manual of Drawing 8vo, paper, 

Coolidge and Freeman's Elements of Geenral Drafting for Mechanical En- 
gineers Oblong 4to, 

Cromwell's Treatise on Belts and Pulleys 12mo, 

Treatise on Toothed Gearing 12mo, 

Dingey's Machinery Pattern Making. 12mo, 

Durley's Kinematics of Machines 8vo, 

Planders's Gear-cutting Machinery Large 12mo, 

Flather's Dynamometers and the Measurement of Power 12mo, 

Rope Driving. 12mo, 

Gill's Gas and Fuel Analysis for Engineers 12mo, 

Goss's Locomotive Sparks 8vo, 

Greene's Pumping Machinery. (In Preparation.) 

Hering's Ready Reference Tables (Conversion Factors) lOmo, mor. 

* Hobart and Ellin's High Speed Dynamo Electric Machinery 8vo, 

Hutton's Gas Engine 8vo, 

Jamison's Advanced Mechanical Drawing 8vo, 

Elements of Mechanical Drawing 8vo, 

Jones's Gas Engine 8vo ( 

Machine Design: 

Part I. Kinematics of Machinery 8vo, 

Part II. Form, Strength, and Proportions of Parts. 8vo, 

Kent's Mechanical Engineer's Pocket-Book. lOmo, mor. 

Kerr's Power and Power Transmission 8vo, 

Kimball and Barr's Machine Design. (In Press.) 

Levin's Gas Engine. (In Press.) 8vo, 

Leonard's Machine Shop Tools and Methods 8vo, 

* Lorenz's Modern Refrigerating Machinery. (Pope, Haven, and Dean)..8vo, 
MacCord's Kinematics; or, Practical Mechanism 8vo, 

Mechanical Drawing 4to, 

Velocity Diagrams 8vo, 

MacFarland's Standard Reduction Factors for Gases. 8vo, 

Mahan's Industrial Drawing. (Thompson.) 8vo, 

Mehrtens's Gas Engine Theory and Design Large 12mo, 

Oberg's Handbook of Small Tools Large 12mo. 

* Parshall and Hobart's Electric Machine Design. Small 4to, half leather, 

Peele's Compressed Air Plant for Mines 8vo, 

Poole's Calorific Power of Fuels 8vo, 

* Porter's Engineering Reminiscences, 1855 to 1882 8vo, 

Reid's Course in Mechanical Drawing 8vo, 

Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 

Richards's Compressed Air 12mo, 

Robinson's Principles of Mechanism 8vo, 

Schwamb and Merrill's Elements of Mechanism 8vo, 

Smith (A. W.) and Marx's Machine Design 8vo, 

Smith's (0.) Press-working of Metals 8vo, 

Sorel's Carbureting and Combustion in Alcohol Engines. (Woodward and 

Preston.) Large 12mo, 

Stone's Practical Testing of Gas and Gas Meters. 8vo, 
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Thurston's Animal as a Machine and Prime Motor, and the Laws of Energetics. 

12mo. $1 00 

Treatise on Friction and Lost Work in Machinery and Mill Work. . .8vo, a 00 

* Tillson's Complete Automobile Instructor lOmo, 1 SO 

* Tits worth's Elements of Mechanical Drawing Oblong 8vo, 1 25 

Warren's Elements of Machine Construction and Drawing 8vo, 7 60 

* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers. 

2| X6f inches, mor. 1 00 
Weisbach's Kinematics and the Power of Transmission. (Herrmann — 

Klein.) 8vo, 5 00 

Machinery of Transmission and Governors. (Hermann — Klein.). .8vo, 5 00 

Wood's Turbines 8vo, 2 60 



MATERIALS OF ENGINEERING. 

* Bovey's Strength of Materials and Theory of Structures 8vo, 7 60 

Burr's Elasticity and Resistance of the Materials of Engineering 8vo, 7 50 

Church's Mechanics of Engineering 8yo, 6 00 

* Greene's Structural Mechanics 8vo, 2 50 

* Holley's Lead and Zinc Pigments Large 12mo 3 00 

Holley and Ladd's Analysis of Mixed Paints, Color Pigments, and Varnishes. 

Large 12mo, 2 50 
Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special 

Steels, Steel-Making Alloys and Graphite Large 12mo, 3 00 

Johnson's (J. B.) Materials of Construction 8vo, 6 00 

Keep's Cast Iron 8vo, 2 50 

Lanza's Applied Mechanics 8vo, 7 50 

Maire's Modern Pigments and their Vehicles 12mo, 2 00 

Martens's Handbook on Testing Materials. (Henning.) 8vo, 7 50 

Maurer's Techincal Mechanics 8vo, 4 00 

Merri man's Mechanics of Materials 8vo, 5 00 

* Strength of Materials 12 mo, 1 00 

Metcalf's Steel. A Manual for Steel-users 12mo, 2 00 

Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00 

Smith's ((A. W.) Materials of Machines 12mo, 1 00 

Smith's (H. E.) Strength of Material 12mo. 

Thurston's Materials of Engineering 3 vols., 8vo, 8 00 

Part I. Non-metallic Materials of Engineering, 8vo, 2 00 

Part II. Iron and Steel 8vo, 3 50 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents 8vo, 2 50 

Wood's (De V.) Elements of Analytical Mechanics 8vo, 3 00 

Treatise on the Resistance of Materials and an Appendix on the 

Preservation of Timber 8vo, 2 00 

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

Steel 8vo, 4 00 



STEAM-ENGINES AND BOILERS. 

Berry's Temperature-entropy Diagram 12mo, 2 00 

Carnot's Reflections on the Motive Power of Heat. (Thurston.) 12mo, 1 50 

Chase's Art of Pattern Making 12 mo, 2 50 

Creigh ton's Steam-engine and other Heat Motors 8vo, 5 00 

Dawson's "Engineering" and Electric Traction Pocket-book. .. . 16mo, mor, 5 00 

Ford's Boiler Making for Boiler Makers 18mo, 1 00 

* Gebhardt's Steam Power Plant Engineering 8vo, 6 00 

Goss's Locomotive Performance 8vo, 5 00 

Hemenway's Indicator Practice and Steam-engine Economy 12mo, 2 00 

Hutton's Heat and Heat-engines 8vo, 5 00 

Mechanical Engineering of Power Plants 8vo, 5 00 

Kent's Steam boiler Economy 8vo, 4 00 
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Kneass's Practice and Theory of the Injector 8vo, 

MacCord's Slide-valves 8vo, 

Meyer's Modern Locomotive Construction 4to, 

Moyer's Steam Turbine. 8vo, 

Peabody's Manual of the Steam-engine Indicator. 12mo, 

Tables of the Properties of Steam and Other Vapors and Temperature- 
Entropy Table. 8vo, 

Thermodynamics of the Steam-engine and Other Heat-engines. . . .8vo. 

Valve-gears for Steam-engines 8vo. 

Peabody and Miller's Steam-boilers 8vo, 

Pupin's Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 

(Osterberg.) 12mo. 

Reagan's Locomotives: Simple, Compound, and Electric. New Edition. 

Large 12mo. 

Sinclair's Locomotive Engine Running and Management 12mo. 

Smart's Handbook of Engineering Laboratory Practice 12mo. 

Snow's Steam-boiler Practice 8vo, 

Spangler's Notes on Thermodynamics 12mo, 

Valve-gears 8vo, 

Spangler, Greene, and Marshall's Elements of Steam-engineering 8vo 

Thomas's Steam-turbines 8vo, 

Thurston's Handbook of Engine and Boiler Trials, and the Use of the Indi- 
cator and the Prony Brake 8vo, 

Handy Tables. 8vo. 

Manual of Steam-boilers, their Designs, Construction, and Operation 8vo. 

Manual of the Steam-engine 2 vols.. 8vo. 

Part I. History, Structure, and Theory 8vo. 

Part II. Design, Construction, and Operation 8vo. 

Steam-boiler Explosions in Theory and in Practice 12mo. 

Wehrenfenning's Analysis and Softening of Boiler Peed- water. (Patterson). 

8vo, 

Weisbach's Heat, Steam, and Steam-engines. (Du Bois.) 8vo 

Whitham's Steam-engine Design 8vo, 

Wood's Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 



MECHANICS PURE AND APPLIED. 

Church's Mechanics of Engineering 8vo. 

Notes and Examples in Mechanics 8vo. 

Dana's Text-book of Elementary Mechanics for Colleges and Schools .12mo, 
Du Bois's Elementary Principles of Mechanics: 

Vol. I. Kinematics 8vo. 

Vol. II. Statics 8vo, 

Mechanics of Engineering. Vol. I Small 4to, 

Vol. II Small 4to, 

* Greene's Structural Mechanics 8vo, 

James's Kinematics of a Point and the Rational Mechanics of a Particle. 

Large 12mo, 

* Johnson's (W. W.) Theoretical Mechanics 12mo. 

Lanza's Applied Mechanics 8 vo. 

* Martin's Text Book on Mechanics. Voi. I, Statics 12mo, 

* Vol. II, Kinematics and Kinetics. 12mo. 
Maurer's Technical Mechanics 8vo. 

* Merriman's Elements of Mechanics 12mo, 

Mechanics of Materials 8vo, 

* Michie's Elements of Analytical Mechanics 8vo. 

Robinson's Principles of Mechanism 8vo, 

Sanborn's Mechanics Problems Large 12mo. 

Schwamb and Merrill's Elements of Mechanism 8vo, 

Wood's Elements of Analytical Mechanics 8vo, 

Principles of Elementary Mechanics 12rao, 
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MEDICAL. 

* Abderhalden's Physiological Chemistry in Thirty Lectures. (Hall and 

Defren.) 8vo. $5 00 

von Behring's Suppression of Tuberculosis. (Bolduan.) 12mo, 1 00 

Bolduan's Immune Sera 12mo f 1 50 

Bordet's Studies in Immunity. (Gay). (In Press.) 8vo. 

Davenport's Statistical Methods with Special Reference to Biological Varia- 
tions 16mo, mor. 1 50 

Ehrlich's Collected Studies on Immunity. (Bolduan.) 8vo, 6 00 

* Fischer's Physiology of Alimentation Large 12mo, 2 00 

de Pursac's Manual of Psychiatry. (Rosanoff and Collins.).. . .Large 12mo, 2 50 

Hammarsten's Text- book on Physiological Chemistry. (Mandel.) 8vo t 4 00 

Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 25 

Lassar-Cohn's Practical Urinary Analysis. (Lorenz.) 12mo, 1 00 

Mandel's Hand-book for the Bio-Chemical Laboratory 12mo, 1 50 

* Pauli's Physical Chemistry in the Service of Medicine. (Fischer.) ..12mo, 1 25 

* Pozzi-Escot's Toxins and Venoms and their Antibodies. (Cohn.). . 12mo, 1 00 

Rostoski's Serum Diagnosis. (Bolduan.) 12mo, 1 00 

Ruddiman's Incompatibilities in Prescriptions 8vo, 2 00 

Whys in Pharmacy 12mo, 1 00 

Salkowski's Physiological and Pathological Chemistry. (Orndorff.) 8vo, 2 60 

* Satterlee's Outlines of Human Embryology 12mo, 1 25 

Smith's Lecture Notes on Chemistry for Dental Students 8vo, 2 50 

* Whipple's Tyhpoid Fever Large 12mo, 3 00 

Woodhull's Notes on Military Hygiene 16mo, 1 50 

* Personal Hygiene 12mo, 1 00 

Worcester and Atkinson's Small Hospitals Establishment and Maintenance, 
and Suggestions for Hospital Architecture, with Plans for a Small 

Hospital. ,12mo, 1 25 



METALLURGY. 

Betts's Lead Refining by Electrolysis 8vo, 4 00 

Bolland's Encyclopedia of Founding and Dictionary of Foundry Terms used 

in the Practice of Moulding 12mo, 3 00 

Iron Founder 12mo, 2 50 

Supplement 12mo, 2 50 

Douglas's Un technical Addresses on Technical Subjects 12mo, 1 00 

Goesel's Minerals and Metals: A Reference Book 16mo, mor. 3 00 

* Ilea's Lead-smelting 12mo, 2 50 

Johnson's Rapid Methods for the Chemical Analysis of Special Steels, 

Steel-making Alloys and Graphite. Large 12mo, 3 00 

Keep's Cast Iron 8vo, 2 50 

Le Cha teller's High-temperature Measurements. (Boudouard — Burgess.) 

12mo, 3 00 

Metcalf's Steel. A Manual for Steel-users. 12mo. 2 00 

Minet's Production of Aluminum and its Industrial Use. (Waldo.). . 12mo, 2 50 

Ruer's Elements of Metallography. (Mathewson) 8vo. 

Smith's Materials of Machines 12mo, 1 00 

Tate and Stone's Foundry Practice. 12mo, 2 00 

Thurston's Materials of Engineering. In Three Parts. 8vo, 8 00 

Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 0. 

Part II. Iron and Steel 8vo, 8 60 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constituents 8vo, 2 50 

Ulke's Modern Electrolytic Copper Refining 8vo. 3 00 

West's American Foundry Practice '. 12mo, 2 50 

Moulders' Text Book. 12mo, 2 50 
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MINERALOGY. 

Baskerville's Chemical Elements. (In Preparation.). 

Boyd's Map of Southwest Virginia Pocket-book form. $2 00 

* Browning's Introduction to the Rarer Elements 8vo, 

Brush's Manual of Determinative Mineralogy. (Penfield.) 8vo, 

Butler's Pocket Hand-book of Minerals 16mo, mor. 

Chester's Catalogue of Minerals 8vo, paper, 

Cloth, 

* Crane's Gold and Silver 8vo, 

Dana's First Appendix to Dana's New "System of Mineralogy". .Large 8vo, 
Dana's Second Appendix to Dana's New "System of Mineralogy." 

Large 8vo, 

Manual of Mineralogy and Petrography 12mo, 

Minerals and How to Study Them 12mo. 

System of Mineralogy Large 8vo, half leather, 

Text-book of Mineralogy 8vo, 

Douglas's Un technical Addresses on Technical Subjects 12mo, 

Eakle's Mineral Tables 8vo, 

Eckel's Stone and Clay Products Used in Engineering. (In Preparation). 

Goesel's Minerals and Metals: A Reference Book 16mo. mor. 

Groth's Introduction to Chemical Crystallography (Marshall) 12mo, 

* Hayes's Handbook for Field Geologists 16mo, mor. 

Iddings's Igneous Rocks 8vo. 

Rock Minerals 8vo, 

Johannsen's Determination of Rock-forming Minerals in Thin Sections. 8vo, 

With Thumb Index 

* Martin's Laboratory Guide to Qualitative Analysis with the Blow- 

pipe 12mo, 

Merrill's Non- metallic Minerals: Their Occurrence and Uses 8vo, 

Stones for Building and Decoration 8vo, 

* Penfield's Notes on Determinative Mineralogy and Record of Mineral Tests. 

8vo, paper, 

Tables of Minerals, Including the Use of Minerals and Statistics of 

Domestic Production 8vo, 

* Pirsson's Rocks and Rock Minerals 12mo, 

* Richards's Synopsis of Mineral Characters 12mo, mor. 

* Ries's Clays: Their Occurrence, Properties and Uses 8vo, 

* Ries and Letghton's History of the Clay-working Industry of the United 

States 8vo, 

* Tillman's Text-book of Important Minerals and Rocks 8vo, 

Washington's Manual of the Chemical Analysis of Rocks. , , , .8vo, 2 00 
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MINING. 

* Beard's Mine Gases and Explosions. Large 12mo. 3 00 

Boyd's Map of Southwest Virginia Pocket-book form, 2 00 

* Crane's Gold and Silver 8vo, 5 00 

* Index of Mining Engineering Literature 8vo, 4 00 

* 8vo, mor. 5 00 

Douglas's Untechnical Addresses on Technical Subjects 12mo, 1 00 

Eissler's Modern High Explosives 8vo, 4 00 

Goesel's Minerals and Metals: A Reference Book 16mo, mor. 3 00 

Ihlseng's Manual of Mining 8vo, 5 00 

* Iles's Lead Smelting 12mo, 2 50 

Peele's Compressed Air Plant for Mines 8vo. 3 00 

Riemer's Shaft Sinking Under Difficult Conditions. (Corning and Peele).8vo. 3 00 

* Weaver's Military Explosives 8vo, 3 00 

Wilson's Hydraulic and Placer Mining. 2d edition, rewritten 12mo, 2 50 

Treatise on Practical and Theoretical Mine Ventilation 12mo, 1 25 
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SANITARY SCIENCE. 

Association of State and National Pood and Dairy Departments, Hartford 

Meeting, 1906 8vo, 

Jamestown Meeting, 1907 8vo, 

* Bashore's Outlines of Practical Sanitation 12mo, 

Sanitation of a Country House 12mo, 

Sanitation of Recreation Camps and Parks 12mo, 

Fol well's Sewerage. (Designing, Construction, and Maintenance.) 8vo, 

Water-supply Engineering 8vo, 

Fowler's Sewage Works Analyses. 12mo, 

Puertes's Water-filtration Works 12mo, 

Water and Public Health 12mo, 

Gerhard's Guide to Sanitary Inspections 12mo, 

* Modern Baths and Bath Houses 8vo, 

Sanitation of Public Buildings 12mo, 

Hasen's Clean Water and How to Get It Large 12mo, 

Filtration of Public Water-supplies 8vo, 

Kinnicut, Winslow and Pratt's Purification of Sewage. (In Preparation.) 
Leach's Inspection and Analysis of Food with Special Reference to State 

Control 8vo, 

Mason's Examination of Water. (Chemical and Bacteriological) 12mo, 

Water-supply. (Considered principally from a Sanitary Standpoint). 

8vo, 

* Merri man's Elements of Sanitary Enigneering 8vo, 

Ogden's Sewer Design 12mo, 

Parsons's Disposal of Municipal Refuse 8vo, 

Prescott and Winslow's Elements of Water Bacteriology, with Special Refer- 
ence to Sanitary Water Analysis 12mo, 

* Price's Handbook on Sanitation 12mo, 

Richards's Cost of Cleanness 12mo, 

Cost of Food. A Study in Dietaries 12mo, 

Cost of Living as Modified by Sanitary Science 12mo. 

Cost of Shelter 12mo, 

* Richards and Williams's Dietary Computer 8vo, 

Richards and Woodman's Air, Water, and Food from a Sanitary Stand- 
point 8vo, 

* Richeys Plumbers', Steam-fitters', and Tinners' Edition (Building 

Mechanics' Ready Reference Series) 16mo, mor. 

Rideal's Disinfection and the Preservation of Food 8vo, 

Sewage and Bacterial Purification of Sewage 8vo, 

Soper's Air and Ventilation of Subways 12mo, 

Turneaure and Russell's Public Water-supplies 8vo, 

Venable's Garbage Crematories in America 8vo, 

Method and Devices for Bacterial Treatment of Sewage 8vo, 

Ward and Whipple's Freshwater Biology. (In Press.) 

Whipple's Microscopy of Drinking-water .8vo, 

* Typhoid Fever Large 12mo, 

Value of Pure Water Large 12mo, 

Winslow's Systematic Relationship of the Coccacese Large 12mo, 



MISCELLANEOUS. 

Emmons's Geological Guide-book of the Rocky Mountain Excursion of the 

International Congress of Geologists Large 8vo. 1 50 

Fen-el's Popular Treatise on the Winds 8vo, 4 00 

Fitzgerald's Boston Machinist 18mo, 1 00 

Gannett 's Statistical Abstract of the World 24mo, 75 

Haines's American Railway Management 12mo, 2 50 

* Hanusek's The Microscopy of Technical Products. (Winton) 8vo, 5 00 
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Jacobs's Betterment Briefs. A Collection of Published Papers on Or- 
ganized Industrial Efficiency 8vo, $3 60 

Metcalfe's Cost of Manufactures, and the Administration of Workshops.. 8 vo, 5 00 

Putnam's Nautical Charts 8vo, 2 00 

Ricketts's History of Rensselaer Polytechnic Institute 1824-1804. 

Large 12mo, 3 00 

Rotherham's Emphasised New Testament Large 8vo, 2 00 

Rust's Ex-Meridian Altitude, Azimuth and Star-finding Tables 8vo, 5 00 

Standage's Decoration of Wood, Glass. Metal, etc 12mo, 2 00 

Thome's Structural and Physiological Botany. (Bennett) 16mo. 2 25 

Westermaier's Compendium of General Botany. (Schneider) 8vo. 2 00 

Winslow's Elements of Applied Microscopy 12mo, 1 50 



HEBREW AND CHALDEE TEXT-BOOOKS. 

Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 

(Tregelles.) Small 4to, half mor, 5 00 

Green's Elementary Hebrew Grammar. 12mo, 1 25 
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